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COMBINATORIAL CHARACTERIZATION OF RIGHT-ANGLED
HYPERBOLICITY OF 3-ORBIFOLDS
ZHI LÜ AND LISU WU
ABSTRACT. We study the right-angled hyperbolicity of a class of 3-handlebodies with
simple facial structures, each of which possesses the property that its nerve is a tri-
angulation of its boundary. We show that such a 3-handlebody admits a right-angled
hyperbolic structure if and only if it is flag and contains no -belts, which is a general-
ization of Pogorelov’s theorem (resp. the right-angled case of Andreev’s theorem). To
make sure that this characterization of right-angled hyperbolicity is of combinatorial
nature, we generalize the notions of flag and -belt in the setting of simple 3-polytopes
to the setting of simple 3-handlebodies, with a quite difference.
The basic idea of proof of our main result consists of two aspects. First, we con-
struct the manifold double MQ of such a 3-handlebody Q by using a basic construction
method from Davis; Second, based upon the works of Thurston and Perelman, we re-
duce the problem to how to characterize the asphericality and atoroidality of MQ in
terms of combinatorics of Q. Most of our arguments can actually perform in the case of
dimension more than or equal to three. The key point of our arguments is to cutQ into a
simple polytope PQ, so that we can give a right-angled Coxeter cellular decomposition
of Q, and further we can obtain an explicit presentation of piorb1 (Q). In particular, this
presentation of piorb1 (Q) is an iterative HNN-extension over some right-angled Coxeter
group associated with PQ.
1. INTRODUCTION
A right-angled Coxeter n-orbifold, introduced by Davis and Januszkiewicz in [12], is
locally isomorphic to the n-orbifold Rn/(Z2)n, which is the quotient of the standard
(Z2)n-action on Rn by reflections across the coordinate hyperplanes, so it is also re-
garded as the standard simplicial cone
Cn = {(x1, ..., xn) ∈ Rn|xi ≥ 0, 1 ≤ i ≤ n}
in Rn topologically and combinatorially. Each point x in Rn/(Z2)n has the local group
(Z2)c(x), where c(x) is the number of coordinates of x which are equal to zero in Cn,
called the codimension of x. Thus, in the viewpoints of topology and combinatorics,
each right-angled Coxeter n-orbifold naturally inherits the structure of an n-manifold
with corners defined and studied by Davis in [13], where an n-manifold with corners is
locally modelled on open subsets of Cn such that overlap maps are homeomorphisms
of preserving codimension. On the other hand, since the topological and combinatorial
structure of Cn is compatible with structure of the right-angled Coxeter orbifold on
Rn/(Z2)n, an n-manifold with corners admits the structure of a right-angled Coxeter
n-orbifold. All strata in a right-angled Coxeter orbifold bijectively correspond to its all
faces as a manifold with corners. A stratum or face of codimension one is called a facet.
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In this paper, we consider a class of right-angled Coxeter n-orbifolds, named simple
orbifolds, each Q of which satisfies the three conditions:
(a) |Q| is compact and connected with ∂|Q| 6= ∅ where |Q| denotes the underlying
space of Q;
(b) The nerve ofQ, denoted byN (Q), is a triangulation of the boundary ∂|Q|, where
N (Q) is the abstract simplicial complex with a vertex for each facet and a (k−1)-
simplex for each nonempty k-fold intersection;
(c) Each facet in Q is a simple polytope (note that when n ≤ 3, this condition will
be automatically omitted).
Simple polytopes together with the natural structure of right-angled Coxeter orbifold
give the canonical examples of simple orbifolds. Similar to simple polytopes, a sim-
ple orbifold is completely determined by its underlying space and the combinatorial
information on its boundary. We will pay more attention on the case in which the un-
derlying space |Q| of a simple n-orbifold Q is an n-dimensional handlebody, where
an n-dimensional handlebody of genus g ≥ 0 is a tubular neighborhood of the wedge
sum of g circles in Rn (of course, an n-dimensional handlebody of genus 0 is exactly
an n-ball). Such a simple n-orbifold is called a simple n-handlebody here. In particu-
lar, a simple 3-handlebody of genus zero must be a simple 3-polytope. This can be
proved by Steinitz Theorem and [25, Proposition 3.4]. However, for n > 3, if a simple
n-handlebody Q has genus zero, then Q may not be a simple polytope in general.
Pogorelov Theorem, which was generalized by Andreev [2] and revisited by Roeder-
Hubbard-Dunbar [34], states that a simple convex 3-polytope admits a right-angled hy-
perbolic structure if and only if it is flag and contains no 4-belts, where “right-angled”
means that all dihedral angles are pi
2
. This gives a combinatorial equivalent descrip-
tion of right-angled hyperbolicity of simple 3-polytopes. A simple convex 3-polytope
P with right-angled hyperbolic structure in H3 can also be presented as a hyperbolic
right-angled Coxeter orbifold H3/WP where WP is the right-angled Coxeter group of
P . Thus, the right-angled hyperbolicity of simple 3-polytopes as a class of right-angled
Coxeter 3-orbifolds (or simple orbifolds) can completely be determined in terms of
combinatorics.
The above observation naturally arises the following question, which is a main mo-
tivation of this paper.
(Q) whether can right-angled hyperbolic structures of simple 3-orbifolds be characterized in
terms of combinatorics on their underlying spaces?
As far as authors know, the existence of the hyperbolicity with arbitrary assigned
dihedral angles in (0, pi
2
] of 3-manifolds with corners is still unsolved and open.
We give an answer of the question (Q) in the case in which a simple 3-orbifold is a
simple 3-handlebody, and the result is stated as follows:
Theorem A. A simple 3-handlebody admits a (right-angled) hyperbolic structure if and only
if it is flag and contains no -belts.
Remark 1.
(1) Theorem A is a generalization of Pogorelov Theorem (i.e., the right-angled case
of Andreev Theorem), and it is of combinatorial nature. The notions of flag and
2
-belt in Theorem A are also the generalizations for usual flag and 4-belt in a
simple 3-polytope, respectively. However, there is a quite difference. This will
be seen in Definition 3.2 and Definition 3.3.
(2) With respect to “right-angled hyperbolicity”, the following two statements are
equivalent. Namely, a simple 3-handlebody as a 3-manifold with corners is
right-angled hyperbolic if and only if it, as a right-angled Coxeter 3-orbifold, is
hyperbolic. Also see subsection 2.5.
(3) By Mostow rigidity theorem, the hyperbolic structure on a hyperbolic simple
3-handlebody is unique up to an isometry.
(4) With a bit additional argument, the “simple” condition in Theorem A can be
generalized to the case of a right-angled Coxeter 3-handlebody whose nerve is
an ideal triangulation of its boundary, where the concept of ideal triangulation
can be referred to [18, Section 2]. In this case, a 3-handlebody with an ideal
nerve is hyperbolic if and only if it is very good, flag and contains no -belts,
see subsection 6.3 for details.
(5) For the “non-simple” case, there exists a right-angled hyperbolic 3-handlebody
whose faces may not be contractible. In this case, the flag condition and no
-belt condition are not enough to characterize its right-angled hyperbolicity.
An example is given in subsection 6.4. Meanwhile, there may exist bad 3-
handlebodies, that is, as right-angled Coxeter orbifolds, they cannot be covered
by 3-manifolds. So these bad orbifolds cannot admit any hyperbolic metric. See
Lemma 6.2.
Our strategy for dealing with the problem will be carried out via the following
points:
(I) A point is that a simple orbifold will be associated with a covering space of it.
We use a basic construction method from Davis [10, Chapter 5], which tells us
that each simple n-orbifoldQ can be finitely covered by a closed n-manifoldMQ,
which is called a manifold double ofQ in [14, Proposition 2.4]. Then we will see in
Proposition 2.3 that a simple 3-orbifold is (right-angled) hyperbolic if and only
if its manifold double is hyperbolic. Based on Perelman’s work, one version of
Hyperbolization Theorem says that a closed oriented 3-manifold is hyperbolic
if and only if it is aspherical and atoroidal (Theorem 2.3). Hence the question
(Q) is reduced to asking how to characterize the asphericality and atoroidality
of manifold double of a simple 3-orbifold Q in terms of combinatorics of Q.
(II) Another point is to perform some kind of “cutting surgery" for simple orbifolds,
which is analogous to the hierachy for Haken 3-manifolds [36]. Here we will
carry out our work for “special" simple handlebodies in arbitrary dimension,
where a simple n-handlebody Q with genus greater than zero is special if there
exist some disjoint codimension-one B-belts, named cutting belts, such that Q
can be cut into a simple polytope PQ along those cutting belts (for the notion
of B-belts, see Definition 3.1), and a simple n-handlebody with genus zero is
said to be special if it is a simple n-polytope. We shall show that a simple 3-
handlebody is always special (see Proposition 3.1). An example is shown in
Figure 1. This cutting surgery allows us to get a presentation of the orbifold
fundamental group piorb1 (Q) of a special simple n-handlebody Q, which is an it-
erative HNN-extension over some right-angled Coxeter group associated with
3
cutting belts
FIGURE 1. A special simple 3-handlebody of genus 2.
PQ. Generally, piorb1 (Q) will not be the Coxeter group of Q, given by only reflec-
tions on facets of Q, and it actually contains torsion-free generators. This is a
key step, which plays an important role on our arguments. In particular, this
also allows us to carry out some further work in higher-dimensional case.
Now let Q be a simple n-orbifold with m facets, write F(Q) = {F1, ..., Fm}. Consider
a coloring λ : F(Q) −→ (Z2)m defined by λ(Fi) = ei, where {e1, ..., em} is the standard
basis of (Z2)m. This coloring determines a coloring on all faces of Q in such a way that:
For a k-face fk, it is the intersection of n − k facets, say Fi1 , ..., Fin−k , and then fk is
colored by a subgroup Gfk generated by λ(Fi1), ..., λ(Fin−k). Note that each x ∈ ∂|Q|
lies in the relative interior of a unique face f . Then the manifold double of Q is defined
as follows:
(1.1) U(Q, (Z2)m) = Q× (Z2)m/ ∼
where
(x, g) ∼ (y, h)⇐⇒
{
x = y and g = h if x ∈ Int(|Q|)
x = y and gh−1 ∈ Gf if x ∈ f ⊂ ∂|Q|.
Essentially this is a special case of “basic construction" of Davis [10, Chapter 5]. It fol-
lows from [10, Proposition 10.1.10] that U(Q, (Z2)m) is an n-dimensional closed mani-
fold and naturally admits an action of (Z2)m with quotient orbifold Q.
Many important works with respect to the topology and geometry of U(Q, (Z2)m)
have been carried out by associating with the topology, geometry and combinatorics
of Q, especially for Q to be a simple polytope (e.g., see [10, 11, 12]).
For a special simple handlebody Q of arbitrary dimension, we obtain that
Proposition 1.1. Let Q be a special simple handlebody of dimension n ≥ 3, and U(Q, (Z2)m)
be the manifold double over Q. Then the following statements are equivalent.
• U(Q, (Z2)m) is aspherical;
• U(Q, (Z2)m) is non-positively curved;
• Q is flag.
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Remark 2. Proposition 1.1 is a generalization of the result of Davis, Januszkiewicz and
Scott for small covers in [16, Theorem 2.2.5], and its proof is heavily based upon Gro-
mov Lemma [20, Section 4.2], Cartan-Hadamard Theorem and Davis’s method [10,
Chapter 8].
Making use of Tit’s theorem [10, Theorem 3.4.2] of Coxeter groups and the normal
form theorem of HNN-extensions [27, Theorem 2.1, Page 182] (also see Theorem 2.2 in
this paper), we do not only give a presentation of piorb1 (Q) for Q to be a special simple
handlebody of arbitrary dimension, but also use it to characterize non-existence of rank
two free abelian subgroup Z⊕ Z in piorb1 (Q) in terms of combinatorics of Q.
Proposition 1.2. Let Q be a flag special simple handlebody of dimension n ≥ 3. Then there is
no rank two free abelian subgroup Z⊕ Z in piorb1 (Q) if and only if Q contains no -belts.
In the case of dimension 3, together with Proposition 1.1, Proposition 1.2 and the-
ory of hyperbolic 3-manifolds, we conclude that for a simple 3-handlebody Q with its
manifold double U(Q, (Z2)m),
• U(Q, (Z2)m) is aspherical if and only if Q is flag;
• If Q is also flag, then U(Q, (Z2)m) is atoroidal if and only if Q contains no-belt.
This characterize the asphericality and atoroidality of U(Q, (Z2)m) in terms of combi-
natorics of Q, implies that Theorem A holds.
This paper is organized as follows. In section 2, we review the notions of (right-
angled Coxeter) orbifolds and manifolds with corners. We introduce the right-angled
Coxeter cellular decomposition of right-angled Coxeter orbifolds, and discuss their
orbifold fundamental groups. In addition, we also give a simple review on hyper-
bolic geometry. In section 3 we introduce the notion of B-belts and study some basic
properties. We give a right-angled Coxeter cellular decomposition of a special simple
n-handlebody Q, so that we can explicitly give a presentation of orbifold fundamental
group piorb1 (Q). We show that this presentation of orbifold fundamental group piorb1 (Q)
is an iterative HNN-extension of some right-angled Coxeter group. In section 4, we
prove Proposition 1.1. In section 5, we show that the existence of a rank-two free
abelian subgroup in the orbifold fundamental group of a flag simple handlebody Q
is characterized by an -belt in Q (Proposition 1.2). The proof of our main theorem
will be given in section 6. In Appendix A, we construct the orbifold universal cover of
a special simple handlebody Q with the aid of the theory of fundamental domain, and
compute the homology groups of the universal cover of Q by Davis method, which are
useful in the proof of Proposition 1.1.
2. PRELIMINARIES
2.1. Orbifold. As a generalization of manifolds, an n-dimensional orbifold O is a sin-
gular space which is locally modelled on the quotient of a finite group acting on an
open subset of Rn. For any point p ∈ O, there is an orbifold chart (U,G, ψ) such that
ψ(U) is an open set in O that contains p, where U is a connected open set in Rn, G is a
finite group of linear automorphisms of U , and ψ is the quotient map induced by the
action of G on U . The isotropy group of p′ ∈ ψ−1(p) in U is called the local group at p.
Definition 2.1 (Thurston [37, Definition 13.2.2]). A covering orbifold of an orbifold O is
an orbifold O˜ with a projection pi : O˜ → O, satisfying that:
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• ∀ x ∈ O has a neighborhood V which is identified with an open subset U of Rn
module a finite group Gx, such that each component Vi of pi−1(V ) is homeomor-
phic to U/Γi, where Γi < Gx is some subgroup;
• pi|Vi : Vi → V corresponds to the natural projection U/Γi → U/Gx.
An orbifold is good (resp. very good) if it can be covered (resp. finitely) by a mani-
fold. Otherwise it is bad. Any orbifoldO has an universal cover O˜, see [37, Proposition
13.2.4]. The orbifold fundamental group of an orbifold is defined as the deck transforma-
tion group of its universal cover, see [37, Definition 13.2.5].
For more details with respect to orbifolds, see [1, 7, 8, 35].
2.2. Right-angled Coxeter orbifolds and manifolds with corners. Following [12, 14],
a right-angled Coxeter n-orbifold Q is a special n-orbifold locally modelled on the quo-
tient Rn/(Z2)n of the standard (Z2)n-action on Rn by reflections across the coordinate
hyperplanes. A stratum of codimension k is the closure of a component of the subspace
of |Q| consisting of all points with local group (Z2)k, where |Q| denotes the underlying
space of Q. It is easy to see that Rn/(Z2)n possesses the following properties:
• Topologically and combinatorially,Rn/(Z2)n is the standard simplicial cone Cn =
{(x1, ..., xn) ∈ Rn|xi ≥ 0, 1 ≤ i ≤ n} in Rn;
• The local group at x = (x1, ..., xn) ∈ Rn/(Z2)n is the subgroup (Z2)c(x), where
c(x) is the number of those coordinates xi = 0 in x, called the codimension of x;
• For 0 ≤ k ≤ n, (Z2)k as a local group determines
(
n
k
)
strata of codimension k,
each of which is isomorphic to Rn−k/(Z2)n−k.
Davis in [13, Section 6] (or [10, Chapter 10, Page 180]) defined n-manifolds with cor-
ners, each of which is a Hausdorff spaceX together with a maximal atlas of local charts
onto open subsets of the standard simplicial cone Cn such that the overlap maps are
homeomorphisms of preserving codimension, where for any chart ϕ : U −→ Cn, the
codimension of any x ∈ U is defined as c(ϕ(x)), denoted by c(x), and it is independent
of the chart. An open face of codimension k is a component of {x ∈ X|c(x) = k}. A face
is the closure of such a component.
A right-angled Coxeter orbifoldQ naturally inherits the structure of a manifold with
corners. On the other hand, since the topological and combinatorial structure of Cn is
compatible with that of right-angled Coxeter orbifold on Rn/(Z2)n, an n-manifold with
corners naturally admits a right-angled Coxeter orbifold structure. Furthermore, all
strata in a right-angled Coxeter orbifold Q bijectively correspond to all faces in Q as a
manifold with corners. A stratum or face of codimension one is called a facet.
In this paper we are mainly concerned with a special class of right-angled Coxeter
orbifolds, i.e., simple orbifolds, as defined in section 1. Given a simple n-orbifold Q
with m facets, we have seen in section 1 that Q is finitely covered by a closed manifold
U(Q, (Z2)m) with an action of (Z2)m, so Q is a very good orbifold.
It should be pointed out that an n-manifold Q with corners may allows many other
orbifold structures different from that of right-angled Coxeter orbifold. Indeed, mak-
ing use of the “basic construction" of Davis [10, Chapter 5], we may construct some
covering spaces of Q with actions of different groups, giving different orbifold struc-
tures on Q.
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Actually, let Q be a nice n-manifold with corners with facet set F(Q) = {F1, ..., Fm},
satisfying that ∂|Q| is the union ∪mi=1Fi and each k-face is a component of the intersec-
tion of some n− k facets. Then one can proceed as follows.
• Let W = 〈S|R〉 be a Coxeter group where S is the set of generators sF indexed
by F ∈ F(Q), and R gives relations that for F ∈ F(Q), s2F = 1, and for any
F, F ′ ∈ F(Q), there is a mFF ′ ≥ 2 in N ∪ {∞} such that (sF sF ′)mFF ′ = 1. Such W
is not uniquely defined in the above way since mFF ′ may have many different
choices. Since each k-face f is the intersection of n − k facets, say Fi1 , ..., Fin−k ,
one has that f determines a subgroup ofW , generated by sFi1 , ..., sFin−k , denoted
by Wf .
• Define an equivalence relation∼ on Q×W by (x, s) ∼ (y, s′) if and only if x = y
and ss′−1 ∈ Wf where x is in the relative interior of a face f .
• Finally, the required covering space U(Q,W ) is the quotient space
U(Q,W ) = Q×W/ ∼
with a natural action of W .
Moreover, the quotient space U(Q,W )/W is just Q, on which an orbifold structure is
naturally endowed.
An easy argument shows that U(Q,W )/W is a right-angled Coxeter orbifolds if and
only if W must satisfy that for any F, F ′ ∈ F(Q),
mFF ′ =
{
2 if F ∩ F ′ 6= ∅
∞ otherwise.
Namely, W is a right-angled Coxeter group (abbreviate as RACG), denoted by WQ. This
also gives the reason why an orbifold locally isomorphic to Rn/(Z2)n is called a right-
angled Coxeter orbifold.
Since the abelization ofWQ is exactly (Z2)m, U(Q,WQ) is a covering space of U(Q, (Z2)m).
Thus, by Proposition 1.1 we have that
Corollary 2.1. Let Q be a special simple handlebody of dimension n ≥ 3. Then the following
statements are equivalent.
• U(Q,WQ) is aspherical;
• U(Q,WQ) is non-positively curved;
• Q is flag.
2.3. The right-angled Coxeter cellular decomposition. Now let us introduce the right-
angled Coxeter orbifold cellular decomposition for right-angled Coxeter orbifolds, which
will play an important role on the calculation of the orbifold fundamental groups and
homology groups of right-angled Coxeter orbifolds (also see [26]). The more general
notion of cellular decomposition of certain orbifolds are considered as q-cellular com-
plex (or, q-CW complex) in [6, 32].
Let ri : Rn → Rn be the i-th standard reflection defined by ri(x1, · · · , xi, · · · , xn) =
(x1, · · · ,−xi, · · · , xn). All standard reflections in Rn induce a standard (Z2)n-action on
the closed unit n-ball Bn with a right-angled corner Bn/(Z2)n as its orbit space. Of
course, IntBn is (Z2)n equivariantly homeomorphic to Rn.
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Definition 2.2 (Right-angled Coxeter cells). Let Γ be a group generated by some stan-
dard reflections in Rn. Then the quotient Bn/Γ is called a right-angled Coxeter n-ball,
and the quotient IntBn/Γ is called a open right-angled Coxeter n-ball. Note that if Γ is
not a trivial group, then the right-angled Coxeter n-ball Bn/Γ is an n-orbifold with
boundary ∂Bn/Γ.
If en is Γ-equivariantly homeomorphic to IntBn, then the quotient en/Γ is called a
right-angled Coxeter n-cell, and its closure is call a closed right-angled Coxeter n-cell.
For example, a right-angled Coxeter 1-cell is either a connected open interval or a
semi-open and semi-closed interval whose closed endpoint gives a local group Z2. A
right-angled Coxeter 2-cell has three kinds of possible types with local group being
trivial group, Z2 and (Z2)2 respectively, as shown in Figure 2.
Γ = 1 Γ = Z2 Γ = Z22
FIGURE 2. Right-angled Coxeter 2-cells
In a similar way as in the construction of CW complexes (see Hatcher [21, Page
5]), a right-angled Coxeter cellular complex O of dimension n can be constructed by the
following procedures:
(1) Start with a discrete setO0, whose points are regarded as (right-angled Coxeter)
0-cells;
(2) Inductively, form the n-skeletonOn fromOn−1 by attaching finitely many right-
angled Coxeter n-cells enα/Γα via orbifold attaching maps
φα : ∂enα/Γα → On−1,
where each φα preserves the local group of every point in ∂enα/Γα;
(3) One can stop this inductive process at a finite stage by setting O ∼= On for some
n <∞.
Here the attaching maps {φα} of right-angled Coxeter cells with non-trivial local groups
are usually a much stronger definition than in CW complexes. Actually, φα preserving
local groups implies that singular points and non-singular points of each embedding
right-angled Coxeter n-cell are still singular and non-singular inO respectively. There-
fore, there is no case where the boundary of a right-angled Coxeter n-cell with nontriv-
ial local group is mapped to On−2.
Remark 3 ( Right-angled Coxeter cubical complex). Recall that a cubical complex is a
CW complex X whose cells are cubes, with the property that for two cubes c, c′ of X ,
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c ∩ c′ is a common face of c and c′; in other words, cubes are glued in X via combina-
torial isometries of their faces. Similarly, a right-angled Coxeter cubical complex can be
defined in the same way whose cells are all right-angled Coxeter cubical cells, that is,
the orbits of standard reflections on an n-cube [−1, 1]n. For example, the standard cubi-
cal decomposition of a simple polytope P (i.e., the cone of the barycentric subdivision
ofN (P )) gives a right-angled Coxeter cubical complex structure of P . Of course, right-
angled Coxeter cubical complexes form a special class of right-angled Coxeter cellular
complexes.
Proposition 2.1. Each special simple handlebody has a finite right-angled Coxeter cellular
complex structure.
Proof. Let Q be a special simple n-handlebody with the associated simple polytope PQ.
Then the standard cubical subdivision of PQ induces a right-angled Coxeter cellular
decomposition of Q. More details will be shown in section 3. 
Remark 4. It should be pointed out that each special simple handlebody still has a right-
angled Coxeter cubical complex structure. This can be seen in section 4.
In general, a right-angled Coxeter cellular complex is just an orbispace. Its orbifold
fundamental group is defined by the homotopy classes of based orbifold loops. For
more details, see [7, Section 3]. Although a right-angled Coxeter cell with non-trivial
local group is not contractible in the sense of orbifold, all attaching maps {φα} preserv-
ing local groups ensures that the orbifold fundamental group of a right-angled Coxeter
cellular complex is isomorphic to the orbifold fundamental group of its 2-skeleton.
Proposition 2.2. Let O be a right-angled Coxeter cellular complex. Then
piorb1 (O2) ∼= piorb1 (O),
where O2 is the 2-skeleton of O.
Proof. Proposition 2.2 can be proved in a similar way as shown by Hatcher [21, Propo-
sition 1.26]. The only thing to note is that the local group information of each right-
angled Coxeter n-cell can be inherited by the boundary orbifold of its closure in On−1.

Remark 5. We can easily read out the generators and relations of piorb1 (O) ∼= piorb1 (O2)
from the 2-skeleton of a right-angled Coxeter cellular complexO. Let us look at a right-
angled Coxeter 2-cell with non-trivial local group in O. Assume that the boundary
of a right-angled Coxeter 2-cell with non-trivial local group consists of x1, x2, · · · , xn,
where each xi is a closed oriented orbifold loop in O, and only one endpoint of x1 and
xn has non-trivial local group. Regard these closed orbifold loops as generators. Then
x21 = x
2
n = 1. Moreover, the right-angled Coxeter 2-cell with local group Z2 gives a
relation x1x2 · · ·xn · x−1n−1 · · ·x−12 = 1, while the right-angled Coxeter 2-cell with local
group Z22 gives a relation (x1x2 · · ·xn · x−1n−1 · · · x−12 )2 = 1. This can intuitively be seen
from Figure 3 when n = 3.
Example 2.1. Let P be a simple polytope with facet setF(P ). Regard P as a right-angled
Coxeter orbifold. The standard cubical subdivision of P is a right-angled Coxeter cel-
lular decomposition of P . Calculating the orbifold fundamental group of P by the 2-
skeleton of its right-angled Coxeter cellular decomposition, piorb1 (P ) can be represented
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x1
x2
x3 x1
x2
x3
x1 x3
x3
x1 x1
x2 x2
x2
x2
x2
x2
x3
FIGURE 3. Relations determined by right-angled Coxeter
2-cells in the case n = 3.
by the right-angled Coxeter group WP of P :
piorb1 (P )
∼= WP = 〈sF , F ∈ F(P )|s2F = 1, for all F ; (sF sF ′)2 = 1, for F ∩ F ′ 6= ∅〉
2.4. Right-angled Coxeter group and HNN extension. In this subsection, we refer to
[10, Chapter 3] and [27, Chapter 4].
Let w = s1s2 · · · sm be a word in a right-angled Coxeter group W = 〈 S | R 〉. An
elementary operation on w is one of the following two types of operations:
(i) Length-reducing: Delete a subword of ss;
(ii) Braid (commutation): Replace a subword of the form st with ts, if (st)2 = 1 in
the relations set R of W .
A word is reduced if it cannot be shorten by a sequence of elementary operations.
Theorem 2.1 (Tits [10, Theorem 3.4.2]). Two reduced words x, y are the same in a right-
angled Coxeter group if and only if one can be transformed into the other by a sequence of
elementary operations of type (ii).
Definition 2.3 (Higman-Neumann-Neumann Extension [27, Page 179]). Let G be a
group with presentation G = 〈S | R〉, and let φ : A −→ B be an isomorphism be-
tween two subgroups of G. Let t be a new symbol out of S. Then the HNN extension
of G relative to φ is defined as
G∗φ = 〈S, t|R, t−1gt = φ(g), g ∈ A〉.
Let ω = g0t1g1t2 · · · gn−1tngn (n ≥ 0) be an expression in G∗φ, where each gi is an
element in G (probably gi may be taken as the unit element 1 in G), and i is either
number 1 or −1. Then ω is said to be t-reduced if there is no consecutive subword t−1git
or tgjt−1 with gi ∈ A and gj ∈ B, respectively.
A normal form of an element inG∗φ is a word ω = g0t1g1t2 · · · gn−1tngn (n ≥ 0) where
(i) g0 is an arbitrary element of G;
(ii) If i = −1, then gi is a representative of a coset of A in G;
(iii) If i = +1, then gi is a representative of a coset of B in G;
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(iv) There is no consecutive subword t1t−.
Theorem 2.2 (The Normal Form Theorem for HNN Extensions, [27, Theorem 2.1, Page
182]). Let G∗φ = 〈G, t | t−1gt = φ(g), g ∈ A〉 be an HNN extension. Then there are two
equivalent statements:
(I) The group G is embedded in G∗φ by the map g 7→ g. If ω = g0t1g1 · · · tngn = 1 in
G∗φ, then ω is not reduced;
(II) Every element ω of G∗φ has a unique representation ω = g0t1g1 · · · tngn which is a
normal form.
A t-reduction of ω = g0t1g1 · · · tngn is one of the following two operations.
• replace a subword of the form t−1gt, where g ∈ A, by φ(g);
• replace a subword of the form tgt−1, where g ∈ B, by φ−1(g).
A finite number of t-reductions leads from ω = g0t1g1 · · · tngn to a normal form.
2.5. Hyperbolic geometry (cf [23, 28, 33, 37, 38]). A hyperbolic manifold of dimension n
is a complete Riemannian n-manifold of constant sectional curvature−1. The universal
cover space of any closed hyperbolic n-manifold is isometric to the n-dimensional hy-
perbolic spaceHn. Thus any closed hyperbolic n-manifold can be realized as a quotient
of the action ofHn by a torsion-free discrete subgroup of Isom(Hn). As a generalization
of hyperbolic manifolds, an n-orbifold is hyperbolic if it is a quotient of Hn by a discrete
subgroup (not necessarily free action) of Isom(Hn).
As a generalization of 3-dimensional hyperbolic polyhedra, a 3-manifold with cor-
ners is hyperbolic if its interior admit a hyperbolic metric which can extend to the
boundary such that its all faces are totally geodesic (or locally convex). Moreover we
say a 3-manifold with corners is right-angled hyperbolic if its all dihedral angles are pi
2
.
Notice that a hyperbolic 3-manifold with corners is not right-angled in general. As
seen before, a 3-manifold with corners can be equipped with many different orbifold
structures. A hyperbolic structure on a 3-manifold with corners should be compatible
with an orbifold structure on it. Hence there may be different hyperbolic structures on
a 3-manifold with corners. However, the hyperbolic structure of a hyperbolic closed
3-orbifold (or 3-manifold) is unique by Mostow Rigidity Theorem [29]. The hyper-
bolization of 3-manifold with corners corresponds to the generalization of Andreev
Theorem. This question is still open now.
Here we mainly consider the right-angled hyperbolicity of simple 3-manifolds with
corners, where a simple 3-manifold with corners is given by forgetting the orbifold
structure on a simple 3-orbifold. Then one can obtain the same understanding for
right-angled hyperbolicity from the following two geometric objects:
(1) A right-angled hyperbolic simple 3-manifold with corners;
(2) A hyperbolic simple 3-orbifold (as a right-angled Coxeter 3-orbifold).
Thus, a right-angled hyperbolic simple 3-manifold with corners is a hyperbolic simple
3-orbifold, and vice versa.
Together with Perelman’s work, Thurston’s Hyperbolization Theorem implies that
a closed 3-manifold is hyperbolic with finite volume if and only if it is irreducible,
atoroidal and pi1-infinite (see Davis [10, Page 105]). And a closed oriented 3-manifold
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is irreducible and pi1-infinite if and only if it is aspherical. This follows from the Sphere
Theorem [22, Theorem 4.3]. Hence,
Theorem 2.3 (Hyperbolization Theorem of closed oriented 3-manifolds). A closed ori-
ented 3-manifold is hyperbolic if and only if it is aspherical and atoroidal.
In addition, Hyperbolization Theorem of 3-orbifolds also tells us that a closed atoroidal
Haken 3-orbifold admits a geometrically finite hyperbolic structure, see [5, Theorem
6.5]. Here, there is an approach to consider the hyperbolicity on a simple 3-orbifold by
making use of its manifold double.
Proposition 2.3. A simple 3-orbifold is hyperbolic if and only if its manifold double is hyper-
bolic.
Proof. Assume that Q is a simple 3-orbifold with m facets. Then there is an orbifold
covering pi : U(Q, (Z2)m) −→ Q, which is a manifold double over Q. Write M =
U(Q, (Z2)m). Furthermore, there is the following short exact sequence
1 −→ pi1(M) −→ piorb1 (Q) −→ (Z2)m −→ 1.
Now if Q admits a hyperbolic structure, then piorb1 (Q) can be view as a subgroup of
Isom(Hn), so is pi1(M). Hence, that Q is hyperbolic implies that M is hyperbolic.
Conversely, suppose that M admits a hyperbolic structure. Denote the (Z2)m-action
of m diffeomorphism involutions on M by Φ. Mostow rigidity theorem (or [17, The-
orem H]) implies that the action Φ on M is homotopic to an isometric action Ψ on M
of the same group (Z2)m. Two orbifolds M/Φ and M/Ψ have isomorphic orbifold fun-
damental groups. By the generalized Johannson-Waldhausen homeomorphism the-
orem [23, Theorem 6.33], M/Φ and M/Ψ are isomorphic as orbifolds. This gives a
hyperbolic structure on Q. 
Remark 6. In the proof of Proposition 2.3, if M is a hyperbolic closed 3-manifold, with-
out a loss of generality, one may assume that the action of (Z2)m on M is isometric.
Then by [33, Theorem 13.1.1], pi induces an isometry from B(x, r)/Gx onto B(pi(x), r)
for a small radius r, where Gx ∼= (Z2)k is the isotropy group at x, generated by re-
flections. Hence now each face of Q is totally geodesic, and all dihedral angles are
right-angled.
3. SPECIAL SIMPLE HANDLEBODIES
Let Q be a simple n-handlebody, and N (Q) be the nerve of Q. Denote Q∗ as the dual
handlebody of Q, whose facial structure is given by N (Q).
3.1. B-belts.
Definition 3.1 (B-belts). Let i : B ↪→ Q be an embedding closed simple k-suborbifold
whose underlying space is a k-ball. We say that i(B) is an B-belt of Q if
• i preserves codimensions, i.e., i maps each codimension-d face f of B to a
codimension-d face Ff of Q;
• The intersection ∩fα = ∅ for some facets fα in B if and only if either ∩Ffα = ∅
or ∪Ffα cannot deformatively retract onto B in |Q|.
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Remark 7. The orbifold embedding i : B ↪→ Q preserving codimension is equivalent
to that i restricting on the local group of each point in B induces an identity. The
statement that ∪Ffα cannot deformatively retract onto B in |Q| is equivalent to that
there is at least a hole in the area surrounded by {Ffα} and B.
A simple polytope P itself is a belt. A 2-dimensionalB-belt in a simple 3-handlebody
Q is a k-gon. Traditionally, such B-belt is also called a k-belt of Q. In the case of dimen-
sion three, any simple 3-polytope except tetrahedron has a 2-dimensional B-belt.
A simple handlebodyQ is special if it is a simple polytope or there exist finitely many
disjoint codimension-one B-belts, named cutting belts, such that Q can be cut open into
a simple polytope PQ along those cutting belts. Of course, each cutting belt must be
a simple polytope in this case. Here the cutting operation is similar to a hierachy of
Haken 3-manifolds (or 3-orbifolds). Generally a simple 3-handlebody is not Haken
except it is flag defined in Definition 3.2.
Proposition 3.1. Every simple 3-handlebody is special.
Proof. A simple 3-polytope with genus 0 is naturally special. Let Q be a simple 3-
handlebody with genus g > 0, and {(D2i , ∂D2i ) ↪→ (|Q|, ∂|Q|) | i = 1, 2, · · · , g} be some
disjoint compressing 2-disks in |Q| such that |Q| is cut into a connected 3-ball along
those compressing 2-disks. Considering the facial structure determined by the trian-
gulation N (Q) of ∂|Q|, we can always do some slight deformations for the boundaries
of compressing 2-disks on faces of Q, so that {D2i } can be modified into some embed-
ded sub-orbifolds {Bi} of preserving codimension in Q. Each Bi is a polygon.
Given a Bi, by the definition of B-belts, we see that Bi is not an B-belt if and only if
there must exist two non-adjacent edges f1 and f2 in Bi such that
(i) Ff1 ∩ Ff2 6= ∅ (probably Ff1 and Ff2 can even be the same face of Q);
(ii) Ff1 ∪Ff2 can deformatively retract onto Bi in |Q| (in fact, Ff1 ∪Ff2 can deforma-
tively retract onto ∂B in ∂|Q|).
where Ff1 and Ff2 are two 2-faces of Q that contain f1, f2 respectively. So, if Bi is not
an B-belt, then there is no any hole in the area A in ∂|Q| surrounded by Ff1 , Ff2 and Bi.
Then, we can modify the boundary of Bi by pushing the retract of Ff1 ∪ Ff2 into Ff1 ,
Ff2 and throwing some edges of Bi away, as shown in Figure 4, so that one can obtain
PushBiBj
Ff1
Ff2
A
FIGURE 4. Modifying the boundary of Bi.
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a new B′i with fewer edges which intersects transversely with Ff1 ∩ Ff2 . In particular,
if Ff1 = Ff2 , then f1 and f2 will become the same edge in B′i, and if Ff1 6= Ff2 then
f1 is adjacent to f2 in B′i. In addition, if there is also another sub-orbifold Bj which
intersects with the area A in ∂|Q|, this means that Bj is not a belt, too. The above
"pushing" process will move the boundary of Bj out from the area A and modify Bj
into B′j with fewer edges such that B′i ∩B′j = ∅. Since Bi is a polygon with finite edges,
this process can end after a finite number of steps until one has modified Bi into an
B-belt which does not intersect with other Bj .
We can perform the same procedure to other non B-belts in {Bj}j 6=i. Finally one can
obtain a set of disjoint cutting belts such that Q is cut open into a simple 3-polytope
along those cutting belts, implying that Q is special. 
Definition 3.2. A special simple handlebody is flag if it contains no 4k-belt for any
k ≥ 2.
Recall that a simplicial complex K with vertices set V is a flag complex if every finite
subset of V , which is pairwise joined by edges, spans a simplex. Now let Q be a special
simple handlebody. We see that some vertices F1, F2, · · · , Fk of N (Q) span a simplex
4k−1 in N (Q) if and only if the associated vertices span a simplex in N (PQ), and they
span an empty simplex (that is, ∂4k−1 ⊂ N (Q) but 4k−1 itself is not in N (Q)) whose
interior is contained in the interior of Q∗ if and only if associated vertices span an
empty simplex in N (PQ). Specifically, those empty simplices correspond to some 4k-
belts in Q. Hence, we have the following result.
Lemma 3.1. A special simple handlebody Q is flag if and only if the associated simple polytope
PQ is flag (in other words, N (PQ) is a flag simplicial complex).
Remark 8. Notice that a flag simple handlebody defined above may contain an empty
simplex whose interior cannot be embedded in Q∗, as shown in Figure 5 for three pair-
wise intersected faces F1, F2, F3 in a flag simple solid torus. Therefore, the statement
that N (Q) is a flag simplicial complex is not equivalent to that Q is a flag simple han-
dlebody.
F1 F2
F3
FIGURE 5. A flag special simple 3-handlebody whose
nerve is not a flag simplicial complex.
Definition 3.3. Let Q be a flag simple handlebody, and Q∗ be its dual. By -belt we
mean a quadrilateral-belt in Q. The dual of an -belt in Q is said to be an  in Q∗.
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Remark 9. (1) In Gromov’s paper [20, Section 4.2], Siebenmann’s no -condition for a flag
simplicial complex K means no empty square in K, where an empty square in K must
make sure that neither pair of opposite vertices is connected by an edge, which is a
special case in our definition.
(2) When dimQ = 3, an  in Q∗ corresponds to a 4-belt in Q. Under an additional
condition that Q admits a (Z2)3-coloring, Li and Ma in [24] showed that Q is right-
angled hyperbolic if and only if each embedding disk in Q intersects with at least 5
edges, except vertex-linking disk or edge-linking disk. So the later statement is equiv-
alent to saying that Q is flag and contains no -belt according to Theorem A.
(3) A prismatic 3-circuit [34] in a simple 3-polytope P 3 determines an ∆2-belt in P 3.
If there is no prismatic 3-circuit in P 3, then P 3 is a flag polytope or a tetrahedron.
Similarly for a prismatic 4-circuit [34] in a flag simple polytope, it determines an-belt
in P in our definition.
LetQ be a flag simple handlebody, andB be an-belt inQwith four ordered edges
f1, f2, f3, f4, any two of which have a non-empty intersection except for pairs {f1, f3}
and {f2, f4}. Assume that each fi is contained in a facet Fi of Q. Then we may claim
that {Fi | i = 1, 2, 3, 4} must be different from each other. More precisely, we have the
following lemma.
Lemma 3.2. Let Q be a flag simple handlebody, and B be an -belt in Q. Then,
• Two adjacent edges of B cannot be contained in the same facet of Q;
• Two disjoint edges of B cannot be contained in the same facet of Q.
Proof. Assume that the four edges {f1, f2, f3, f4} of B are contained in four ordered
facets {F1, F2, F3, F4} ofQ, respectively. If there are two adjacent edges ofB contained
in the same facet ofQ. Without loss of generality, suppose that F1 = F2. Then f1∩f2 6= ∅
implies that F1 has a self-intersection, which is equivalent to that there is a 1-simplex
which bounds a single vertex in N (Q). This contradicts that Q is simple.
Similarly, if there are two disjoint edges of B contained in the same facet of Q, then
one can assume that F1 = F3. This happens only for the case where the genus of Q is
more than zero since B is an -belt in Q. Thus there are some holes between F1 and
B. However, F2 is contractible, so this induces that F2 ∩ F1 is disconnected. In other
words, there are two 1-simplices which bound the same two vertices in N (Q). This is
also impossible since Q is simple. 
Lemma 3.2 tells us that in a flag simple handlebody Q, an -belt can be presented
as four different vertices {F1, F2, F3, F4} in N (Q), which satisfies the following two
conditions:
(I) {F1, F2, F3, F4} bounds a square with its interior located in the interior ofQ∗ and
with its edges contained in 1-skeleton of N (Q);
(II) The full subcomplex spanned by {F1, F2, F3, F4} in N (Q) is either a square or
a non-square subcomplex (containing two 2-simplices gluing along an edge).
Here the latter “a non-square subcomplex" may happen only when the genus
of Q is more than zero.
Example 3.1 (s in the dual of a simple handlebody). Let Q be a simple handlebody,
and Q∗ be its dual. There are some possible cases of s and non-s in Q∗, listed in
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Figure 6, where all vertices and edges are considered in N (Q). (a) and (b) are not 
in Q∗, while (c) and (d) are. Notice that (d) is not an empty square in N (Q), which is
different from the case of Siebenmann’s no -condition, as stated in Remark 9 (1).
(a) (b) (c)
(d)
FIGURE 6. s and non-s
Lemma 3.3. Let B be an -belt in a special simple n-handlebody Q, and B be a cutting belt
of Q. Then either B and B can be separated in Q, or B intersects transversely with only a
pair of disjoint edges of B.
Proof. Assume that the four ordered edges f1, f2, f3, f4 ofB are contained in four facets
F1, F2, F3, F4 of Q, respectively. Since B and B are contractible, we see that B and B
can be separated if and only if their boundaries can be separated.
First we assume that ∂B and ∂B intersect transversely, meaning that ∂B ∩ ∂B is a
set of isolated points cyclically ordered on the boundary of B, which is denoted by V .
Then V contains at least two points if V is non-empty.
Let v and v′ be two adjacent points in V . Then there are the following cases:
(i) v and v′ are located in the same edge of B;
(ii) v and v′ are located in two adjacent edges of B;
(iii) v and v′ are located in two disjoint edges of B.
In the case (i), without loss of generality, suppose that v, v′ ∈ int(f1). Now if v and v′
are contained in the same connected component of F1∩B (without a loss of generality,
assume that B is regarded as B1 of (a) in Figure 7), then we can deform the interior
of f1 such that f1 ∩ ∂B = ∅ will not contain v and v′. If v and v′ are contained in two
connected components of F1 ∩B, without loss of generality, assume that B ia regarded
as B2 of (a) in Figure 7. Since B is an B-belt, there is a hole surrounded by f1 and B.
This case is allowed (also see (b) and (c) in Figure 7).
In the case (ii), without loss of generality, assume that B intersects with f1 and f2.
Now if B ∩ F1 ∩ F2 6= ∅ (regard B as B3 of (a) in Figure 7), then we can move vertex
f1 ∩ f2 in F1 ∩ F2 such that ∂B ∩ ∂B does not contain v and v′.
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B1
B2
B3
B4
B5
B
F1
F2
B
B
f1
f2
B
BB
(a) (b)
(d)
(c)
f1
f2
FIGURE 7. -belt and cutting belt
Repeating this operation, we can assume that any two adjacent points v and v′ in V
cannot remove. This means that B ∩ F1 ∩ F2 = ∅ in the case (ii), so we may regard
B as B4 of (a) in Figure 7. Then by the definition of B-belt, there is a hole in the area
surrounded by B, f1, f2 (see (d) in Figure 7). If |V| = 2, then B will not be contractible.
This is a contradiction. If |V| > 2, let v′′ be a point after v′ by the cyclic order of all
isolated points in V . If v′ and v′′ belong to the same edge f of B, then there must be a
hole surrounded by f and B. If v′ and v′′ belong to two adjacent edges f ′ and f ′′ of B,
then there is also a hole surrounded by f ′, f ′′ and B. If v′ and v′′ belong to two disjoint
edges f ′ and f ′′ of B, then there is still a hole surrounded by f, f ′′ and B, where f is
the edge containing v. Whichever of all possible cases above happens implies that ∂B
is not contractible in |Q|, but this is impossible.
The case (iii) is allowed, see B5 of (a) in Figure 7. So the conclusion holds. 
We see that if there are some cutting belts that intersect with B, then one can do
some deformations such that those cutting belts either do not intersect with B or
intersect transversely with only a pair of disjoint edges of B. In 3-dimensional case,
there always exist a set of cutting belts that separate from a fixed -belt.
Lemma 3.4. Let Q be a flag simple 3-handlebody, and B be an -belt in Q. Then there exist
a set of cutting belts, each of which does not intersect with B.
Proof. By Lemma 3.3, assume that some cutting belts intersect transversely with two
opposite edges f1 and f3 of B. We may push the boundaries of those cutting belts
outside of B, so that those modified cutting belts do not intersect with B. However,
those modified cutting belts may not beB-belts. Of course, they are 2-suborbifolds. See
Figure 8. Using the approach used in the proof of Proposition 3.1, we further deform
those 2-suborbifolds into required cutting belts. 
3.2. The right-angled Coxeter cellular decomposition of special simple handlebod-
ies. LetQ be a special simple n-handlebody of genus g with facet setF(Q) = {F1, ..., Fm}.
Then we can cut Q into a simple polytope PQ along g cutting belts B1, ..., Bg, each of
which intersects transversely with some facets of Q and is a simple (n − 1)-polytope.
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BB
B
B
PushPush
FIGURE 8. -belt and cutting belt in simple 3-handlebody
Two copies of Bi in PQ, denoted by B+i and B
−
i , respectively, are two disjoint facets
of PQ. Since they share the common belt Bi in Q, by B+i ∼ B−i we denote this share
between them. The number of facets of PQ around B+i is the same as the number of
facets of PQ around B−i . In addition, each facet F of PQ around B
+
i also uniquely cor-
responds to a facet F ′ of PQ around B−i such that F and F
′ share a common facet in Q,
so by F ∩B+i ∼ F ′ ∩B−i we mean this share between F and F ′ via the belt Bi of Q.
Let F(PQ) denote the set of all facets in PQ and FB denote the set of those facets in
PQ, produced by cutting belts of Q, so FB contains 2g facets of PQ, appearing in pairs.
PQ is viewed as a right-angled Coxeter orbifold with boundary consisting of all facets
in FB. By attaching all pairs B+ ∼ B− in FB and all corresponding pairs (F, F ′) with
F ∩ B+ ∼ F ′ ∩ B− together, we can recover Q from PQ. Thus Q can be regarded as a
quotient PQ/ ∼, and we denote the quotient map by
(3.1) q : PQ −→ Q.
There is a canonical right-angled Coxeter cellular decomposition C(PQ) of PQ, whose
cells consist of
• all cubes in the standard cubical decomposition of PQ;
• all cubes in the standard cubical decomposition of all boundary components of
PQ in FB.
Moreover, C(PQ) induces a right-angled Coxeter cellular decomposition on Q by at-
taching some cubical cells of the copies of B-belts. Let c be a k-cube in C(PQ) and
B ∈ FB.
• If c∩B = ∅, then we may take c as a right-angled Coxeter cubical cell forQ. Such
c corresponds to a codimension k face in PQ which is determined by k facets in
F(PQ)−FB, so c is of the form ek/(Z2)k.
• If c is a k-cube in C(B+) ⊂ C(PQ), then there is also another k-cube c′ ∈ C(B−) ⊂
C(PQ). Both c and c′ are codimension-one faces of two (k + 1)-cubes in C(PQ),
respectively. Gluing those two (k + 1)-cubes by identifying c with c′, we obtain
a right-angled Coxeter cubical cell with form ek+1/(Z2)k.
Finally, we obtain a right-angled Coxeter cellular decomposition of Q, denoted by
C(Q), whose cells are right-angled cubes. Of particular note is that C(Q) is not cubical.
This is because there exists the cubical cell glued by two cells c and c′ in C(PQ) as above,
which has a self-intersection, namely the cone point x0, as shown in Figure 9. The cone
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point is the only 0-cell in C(Q), which will be chosen as the basepoint when we calculate
the orbifold fundamental group piorb1 (Q) of Q.
F F ′
B+ B−x0 x0
sF sF ′tB+ tB−
FIGURE 9. The right-angled Coxeter 2-cell nearby B-belt.
3.3. The orbifold fundamental groups of special simple handlebodies. Following
the above notations, by Proposition 2.2, we can directly write out a presentation of
orbifold fundamental group of Q.
Proposition 3.2. Let Q be a special simple handlebody of genus g, and PQ be the associated
simple polytope with copies of cutting belts FB. Then piorb1 (Q) has a presentation with genera-
tors sF indexed by F ∈ F(PQ), satisfying the following relations:
(1) s2F = 1 for F ∈ F(PQ)−FB;
(2) tB+tB− = 1 for two B+ and B− with B+ ∼ B− in FB;
(3) (sF sF ′)
2 = 1 for F, F ′ ∈ F(PQ)−FB with F ∩ F ′ 6= ∅;
(4) sF tB+ = tB+sF ′ forB+ ∼ B− inFB and F, F ′ ∈ F(PQ)−FB with F ∩B+ ∼ F ′∩B−
where the basepoint of piorb1 (Q) is the cone point x0 in the interior of Q.
On the other hand, we show here that piorb1 (Q) is actually an iterative HNN-extension
on W (PQ,FB), where W (PQ,FB) is a right-angled Coxeter group determined by facial
structure of PQ by ignoring the facets of FB:
W (PQ,FB) = 〈sF ,∀F ∈ F(PQ)−FB | s2F = 1,∀F ∈ F(PQ)−FB;
(sF sF ′)
2 = 1,∀F, F ′ ∈ F(PQ)−F(B), F ∩ F ′ 6= ∅〉
which can be regarded as the orbifold fundamental group piorb1 (PQ) of PQ as a right-
angled Coxeter orbifold with boundary consisting of the disjoint union of all facets in
FB.
Let B be a cutting belt in Q, and B+, B− ∈ FB are two copies of B, denoted FB+ =
{F ∈ F(PQ) − FB|F ∩ B+ 6= ∅}, and FB− = {F ∈ F(PQ) − FB|F ∩ B− 6= ∅}. The
associated right-angled Coxeter group WB+ and WB− are two isomorphic groups since
B+ and B− are homeomorphic as simple polytopes.
Lemma 3.5. The maps iB+ : WB+ → W (PQ,FB) and iB− : WB− → W (PQ,FB) induced by
inclusions iB+ : B+ ↪→ PQ and iB− : B− ↪→ PQ are monomorphisms.
Proof. According to the definition of B-belt, iB+ and iB− are obviously well-defined.
There are two group homomorphisms jB+ : W (PQ,FB)→ WB+ and jB− : W (PQ,FB)→
WB− which module the normal subgroups generated by facets not in FB+ and FB− ,
such that jB+ ◦ iB+ = idWB+ and jB− ◦ iB− = idWB− . The result follows from this. 
19
Hence,WB+ andWB− can also be regarded as two isomorphic subgroups ofW (PQ,FB)
generated by sF , F ∈ FB+ and sF ′ , F ′ ∈ FB− , respectively. Define φB : WB− −→ WB+
by φB(sF ′) = sF with F ′ ∩ B− ∼ F ∩ B+. Then φB is a well-defined isomorphism.
Furthermore, attaching two facets on PQ corresponding to the belt B is equivalent to
doing once HNN-extension on its orbifold fundamental group, giving new elements
tB+ , tB− with certain conditions in piorb1 (Q). By doing an induction on the genus of Q
and repeating the use of the normal form theorem of HNN-extension (Theorem 2.2),
the orbifold fundamental group of Q is isomorphic to g times HNN-extensions on the
right-angled Coxeter group W (PQ,FB), as shown below:
(Qg, Bg) // · · · // (Q1, B1) // Q0 = PQ
Cutting
//
HNN extensionoo
Gg = pi
orb
1 (Q) · · ·oo G1oo G0 = W (PQ,FB)oo
where eachQk is the simple handlebody of genus k obtained fromQk+1 by cutting open
along the (k + 1)-th belt Bk+1, which is a right-angled Coxeter orbifold with boundary
consisting of double copies of {Bk+1, · · · , Bg}, and each Gk is the orbifold fundamental
group of Qk which is obtained from an HNN extension on Gk−1.
Proposition 3.3. LetQ be a special simple handlebody of genus g with cutting beltsB1, ..., Bg.
Then piorb1 (Q) ∼= (· · · ((W (PQ,FB)∗φB1 )∗φB2 ) · · · )∗φBg .
Notice that the expression (· · · ((W (PQ,FB)∗φB1 )∗φB2 ) · · · )∗φBg in Proposition 3.3 is
independent of orders of φBi . In addition, the presentation of pi
orb
1 (Q) in Proposition 3.2
can be simplified by deleting all generators tB− and relations tB+tB− = 1, meanwhile,
replaced by only all tB . Here the group piorb1 (Q) is called a handlebody group. It should
be pointed out that the right-angled Coxeter group WQ determined by facial structure
of Q is not a subgroup of piorb1 (Q) in general. Actually, WQ is the quotient group of
piorb1 (Q) with respect to the normal group generated by all tB.
Remark 10. In [15, Theorem 4.7.2], Davis, Januszkiewicz and Scott give a similar form.
However, all generators in their paper lifted into the universal space as homeomor-
phisms onto itself are involutions, i.e., t2B = 1. Here, with a little difference, we require
that the lifted action of tB is free. In particular, the last relation in Proposition 3.2 be-
longs to a kind of Baumslag-Solitar relations, which are related to the HNN-extension;
in other words, pasting pairs of facets corresponding to cutting belts of the polytope
PQ can be viewed as a topological explanation for the HNN-extension of their orbifold
fundamental groups. More precisely, for a cutting belt B, there are two copies B+ and
B− in PQ, and the composite map
WB ∼= WB+
iB+−→ W (PQ,FB) i1−→ G1 i2−→ · · · ig−→ Gg = piorb1 (Q)
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embeds WB into piorb1 (Q), where ik is defined by ik(h) = h ∈ Gk for h ∈ Gk−1. WB+ and
WB− are linked in piorb1 (Q) by an isomorphism and the injectivity of ik is followed by
the normal form theorem of HNN-extension (Theorem 2.2).
4. PROOF OF PROPOSITION 1.1
A geodesic metric space X is non-positively curved if it is a locally CAT(0) space. The
Cartan-Hadamard theorem implies that non-positively curved spaces are aspherical.
Cf [3, 10, 20].
Definition 4.1 (The links in a cubical complex [3, Subsection 7.15] or [10, Page 508]). Let
K be a cubical complex. For each vertex v ∈ K, its (geometric) link, denoted by Lk(v), is
a simplicial complex defined by all cubes in K that properly contains v with respect to
the conclusion. A d-cube c of K that properly contains v determines a (d − 1)-simplex
s(c) in Lk(v).
Proposition 4.1 (Gromov [10, Corollary I.6.3]). A piecewise Euclidean cubical complex is
nonpositively curved if and only if the link of its each vertex is a flag complex.
Let Q be a special simple handlebody of dimension n ≥ 3 and genus g, and M −→ Q
be the manifold double over Q, as defined in (1.1). Let PQ be the simple polytope ob-
tained from Q by cutting open along g disjoint cutting belts B1, ..., Bg in Q. More pre-
cisely, PQ can be obtained as follows: For each belt Bi, choose a regular neighborhood
N(Bi) of Bi that is homeomorphic to Bi × [−1, 1] as manifolds with corners. Clearly
N(Bi) is identified with a simple polytope, and it can also be understood as the disk
D1-bundle of the trivial normal bundle of Bi in Q. Then we get PQ by removing the
interiors of trivial D1-bundles Bi × [−1, 1] of all Bi.
In order to use Gromov Lemma as above, we need a cubical cellular structure of the
manifold double M over Q. For this, we perform the following procedure:
(1) First we decompose Q into more pieces
Q = PQ
g⋃
i=1
N+(Bi) ∪N−(Bi)
where N+(Bi) = Bi× [0, 1] and N−(Bi) = Bi× [−1, 0] satisfy N(Bi) = N+(Bi)∪
N−(Bi).
(2) Next, the standard cubical decompositions of PQ and all N±(Bi) determine a
right-angled Coxeter cubical cellular decomposition of Q, denoted by C(Q).
Specifically, all cone points of PQ and all N±(Bi) will be 0-cells with trivial local
group in C(Q). There are two kinds of k(> 0)-cubes in the cubical decomposi-
tions of PQ and all N±(Bi), each of which either intersects transversely with an
(n − k)-face fk = Fi1 ∩ · · · ∩ Fik or intersects transversely with an (n − k)-face
fk = Fi1∩· · ·∩Fik−1∩Bi. The first type of cubes determine right-angled Coxeter
cubical cells of the form ek/Zk2 in C(Q), and the second type of cubes determine
right-angled Coxeter cubical cells of the form ek/Zk−12 . Then, C(Q) is obtained
by attaching each pair associated with Bi of the second type of cubes together.
It is clear that C(Q) is a right-angled Coxeter cubical cellular decomposition of
Q.
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(3) Finally, by pulling back C(Q) to M via the covering map p : M −→ Q, one can
obtain a cubical cellular decomposition of M , denoted by C(M), such that each
cube in C(M) is a connected component of p−1(c) for c in C(Q). In particular, all
vertices in C(M) exactly consist of the lifting of cone points in C(Q).
Lemma 4.1. Let v be a vertex in C(M). Then Lk(v) in C(M) is combinatorially isomorphic to
one of nerves N (PQ), N (N+(Bi)) and N (N−(Bi)).
Proof. In fact, if p(v) is the cone point of PQ, then each k(> 0)-cube adjacent to v gives
a (k − 1)-simplex in N (PQ), which corresponds to an (n − k)-face of PQ. Therefore,
Lk(v) ∼= N (PQ). A same argument can be applied to the case where p(v) is the cone
point of N+(Bi) or N−(Bi). 
Therefore we have that
Proposition 4.2. Let Q be a special simple handlebody of dimension n ≥ 3, and M be the
manifold double over Q. Then the following conditions are equivalent,
(1) M is aspherical;
(2) M is non-positively curved;
(3) Q is flag.
Proof. Gromov’s Lemma (Proposition 4.1) tells us that M is non-positively curved if
and only if the link of each vertex in the cubical cellular decomposition of M is flag. By
Lemma 4.1, the latter of the above statement means that N (PQ) and allN (N±(Bi)) are
flag, so PQ and all N±(Bi) are flag simple polytopes. This is also equivalent to saying
that Q is flag. Thus, a special simple handlebody Q is flag if and only if its manifold
double M is non-positively curved. This proves (2)⇔ (3).
It follows (2)⇒ (1) by Cartan-Hadamard Theorem.
It remains to prove (1) ⇒ (3), saying that Q is flag if M is aspherical. Assume that
q : PQ −→ Q is the quotient map by gluing all paired facets in FB. Using piorb1 (Q) with
the presentation in Proposition 3.2 and Lemma A.4, the universal cover Q˜ of Q can be
defined as follows:
(4.1) Q˜ = PQ × piorb1 (Q)/ ∼
where (x, g) ∼ (y, h) if and only if
(4.2)
{
x = y ∈ F ∈ F(P )−FB, gsF = h,
(x, y) ∈ (B+, B−), B+, B− ∈ FB, q(x) = q(y), tB · g = h.
If M is aspherical, then Q˜ is contractible. Using an idea of Davis in [13, Subsection
8.2], we shall show that if PQ is not flag then Q˜ is not contractible. Indeed, if PQ is not
flag, then N (PQ) contains an empty k-simplex for k ≥ 2. The dual of this empty k-
simplex gives an essential embedding sphere in Q˜. Then the fundamental class of such
a sphere is nontrivial in Hk(Q˜), which contradicts that Q˜ is contractible. See Theorem
B in Appendix A for the calculation of the homology groups of Q˜. 
In the case of dimension 3, together with Proposition 3.1, we have the following
result.
Corollary 4.1. A simple 3-handlebody is flag if and only if its manifold double is aspherical.
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5. PROOF OF PROPOSITION 1.2
In Gromov’s paper [20] (see also Davis [10, Proposition I.6.8]), letX be a finite cubical
complex satisfying that the link of each cube inX is flag and contains no Siebenmann’s
, and let us give X a suitable piecewise hyperbolic structure. Then X admits a strict
negative curvature in the sense of Alexandrov [3, Definition 2.1 in Chapter II.1]. How-
ever, we cannot use Gromov’s result directly, since it may produce a new  when we
cutQ along a cutting beltB. Let us look at the cubical decomposition ofM constructed
in section 4. It is obvious that the nerve of N+(B) or N−(B) has an  as long as B is
flag, which is a link of some vertex in the cubical decomposition of M . In fact, such an
 cannot make sure that there is a subgroup Z⊕ Z in pi1(M) in general.
The main purpose of this section is to characterize the rank two free abelian sub-
group Z⊕ Z in piorb1 (Q) in terms of an -belt in Q.
Proposition 5.1 (-conditions for handlebody groups). Suppose that Q is a special simple
n-handlebody. Then there is a rank two free abelian subgroup Z⊕Z in piorb1 (Q) if and only if Q
contains an -belt.
Remark 11. The “simple” condition of a handlebody is necessary in above proposition.
In fact, it is easy to see that the orbifold fundamental group of a two-dimensional an-
nulus as a right-angled Coxeter orbifold is isomorphic to Z⊕(Z2∗Z2), which contains a
rank two free abelian subgroup Z⊕ Z. Consider a right-angled Coxeter 3-handlebody
Q with an pi1-injective annulus-suborbifold B such that B is a pi1-injective suborbifold,
it provides a subgroup Z ⊕ Z in its orbifold fundamental group. Of course, such Q
is not simple. All of these results are the generalization of [3, Lemma 5.22] which is
related to the Flat Torus Theorem in [3, Chapter II.7].
Example 5.1 (’s of Example 3.1). We show that each  in (c) and (d) of Example 3.1
determines a subgroup Z⊕ Z in piorb1 (Q), whereas the cases of (a) and (b) do not so.
On (a), the four facets F1, F2, F3, F4 correspond to a suborbifold B which is a quadri-
lateral in Q∗, but it is not an -belt in Q. In fact,
i∗(piorb1 (B)) ∼= W/〈(s1s3)2〉 ∼= (Z2)2 ⊕ (Z2 ∗ Z2) < piorb1 (Q)
and s1s3, s2s4 generate a subgroup Z2⊕Z in i∗(piorb1 (B)) < piorb1 (Q), where i∗ : piorb1 (B)→
piorb1 (Q) is induced by the inclusion i : B ↪→ Q. Thus, there is no subgroup Z ⊕ Z in
i∗(piorb1 (B)).
On (b), {F1, F2, F3, F4} does not determine a quadrilateral sub-orbifold. Without loss
of generality, assume that {F1, F2, F3, F4} bounds only one hole of Q∗. Then there are at
least 5 generators in piorb1 (Q) associated to five facets in PQ, denoted by {F1, F2, F3, F4, F ′1}
with F1 ∩ B+ ∼ F ′1 ∩ B−, where B is the cutting belt of Q and cut F1 into two facets in
PQ. Thus, (b) induces a subgroup of piorb1 (Q) as follows:
Wb :=〈s1, s2, s3, s4, s′1, t | (si)2 = 1,∀i; (s1s2)2 = (s2s3)2 = (s3s4)2 = (s4s′1)2 = 1; s′1 = ts1t〉
= 〈s1, s2, s3, s4, t | (si)2 = 1,∀i; (s1s2)2 = (s2s3)2 = (s3s4)2 = (s4ts1t−1)2 = 1〉
which contains no subgroup Z⊕ Z.
On (c) or (d), {F1, F2, F3, F4} determines an -belt B of Q. If B does not inter-
sect with any cutting belt, then B is kept in PQ, so there is a subgroup Z ⊕ Z <
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W (PQ,FB) < piorb1 (Q). If there are some cutting belts B1, B2, · · · , Bk intersecting trans-
versely with only a pair of disjoint edges of B, without loss of generality, assume that
B1, B2, · · · , Bk intersect with two disjoint edges f1 and f3 of B, where some cutting
belts may cut f1 and f3 many times, see (c) in Figure 7. Then there is also a subgroup
Z ⊕ Z generated by s1s3 and s2t1t2 · · · tks4t−1k · · · t−12 t−11 where each ti is one of {t±1B }.
Also see the following figure.
B1B2Bk−1Bk
sφ1(s)φk ◦ · · · ◦ φ1(s)
F
s2s4
s1s
(1)
1s
(k−1)
1s
(k)
1
s
(k)
3 s
(k−1)
3 s
(1)
3
s3
FIGURE 10. -belt and Z⊕ Z.
5.1. The special case where Q is a simple polytope. First let us prove Proposition 5.1
when Q is a simple polytope. This case can be followed by Moussong’s result [30] (see
also [10, Corollary 12.6.3] in details). Here we give an alternative proof as follows.
LetW = 〈S |R〉 be the right-angled Coxeter group associated with a simple polytope
P . We are going to show that there is a subgroup Z⊕ Z in W if and only if P contains
an -belt.
Assume that w = s1 · · · sm is a reduced word of length m in W , and t is a generator
in S.
• If the length of wt equals to m − 1 after a sequence of elementary operations,
then we call t DIE in w, i.e., there is a si = t such that (s>it)2 = 1 (s>i is a sj with
j > i);
• If wt = tw is reduced, then we call t SUCCESS for w, meaning that t can com-
mutate with all si;
• If wt is reduced and wt 6= tw, then we call t FAIL for w; in other words, there is
a si in w such that (sit)2 6= 1 and (s>it)2 = 1.
Proof of Proposition 5.1 for Q to be a simple polytope P . Let W be the right-angled Coxeter
group determined by a quadrilateral. Then two pairs of disjoint edges of  provide
two elements s1s3 and s2s4 which generate a subgroup Z ⊕ Z in W < WP . Suppose
that there is subgroup Z ⊕ Z in WP . Then we need to find a required -belt in P . We
proceed as follows.
Claim-1 There are two generators x = s1 · · · sm and y = t1 · · · tn of Z ⊕ Z such that all ti
commutate with all sj .
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Assume that x = s1 · · · sm and y = t1 · · · tn are arbitrary two reduced expressions,
which generate a subgroup Z⊕ Z in W . Then xy = yx, giving that
s1 · · · sm · t1 · · · tn = t1 · · · tn · s1 · · · sm
where, without loss of generality, assume m ≥ n. Tits’ theorem (Theorem 2.1) tells us
that the word w = s1 · · · sm · t1 · · · tn can be turned into t1 · · · tn · s1 · · · sm by a series of
elementary operations. We perform an induction with xt1 as a starting point. On xt1,
there are the following three cases:
(A) t1 is DIE at sk in x. Then we may write x = t1s′2 · · · s′m−1t1 and y = t1t′2 · · · t′n−1t1.
So we can take two shorter words x′ = s′2 · · · s′m−1 and y′ = t′2 · · · t′n−1 as genera-
tors of Z⊕Z as well. This returns back to the starting of our argument with two
words with shorter word lengths.
(B) t1 is FAIL in x. Then we can take s1 = t1, so x = t1s2 · · · sm.
(C) t1 is SUCCESS. Then t1 commutates with all si.
Consider xt2 in the case (B), if t2 is DIE, then (t1t2)2 = 1, and one may write x =
t2t1s
′
3 · · · s′m−1t2 and y = t2t1t′3 · · · t′n−1t2. In a similar way to the case (A), set t1s′3 · · · s′m−1
and t1t′3 · · · t′n−1 as new generators of Z ⊕ Z. If t2 is FAIL, then one may write x =
t1t2s3 · · · sm. If t2 is SUCCESS, then t2 commutates with all si (including s1 = t1).
Consider xt2 in the case (C), if t2 is DIE, then one can take s1 = t2, so x = t2s2 · · · sm
and (t1t2)2 = 1. Moreover, exchanging t1 and t2 in y returns to the case (A), so we
can take two shorter words as generators of Z ⊕ Z. If t2 is FAIL, then x = t2s2 · · · sm.
Otherwise, t2 is SUCCESS, too.
The above procedure can always be carried out by inductive hypothesis. We can
end this procedure after finite steps of elementary operations until we have obtained a
complete analysis for all ti. Actually, each ti is either FAIL or SUCCESS for the final x
and y. There are only three possibilities as follows:
(i) All ti are FAIL. In this case, we may write x = t1t2 · · · tnsn+1 · · · sm = ysn+1 · · · sm,
so that we can take y−1x and y as new generators of Z⊕ Z. Of course, all ti can
commutate with all sj , as desired.
(ii) Some ti’s are FAIL. In this case, we may write x = ti1 · · · tiksk+1 · · · sm such that
each of those tju 6= ti1 , ..., tik commutates with all si and ti1 , · · · , tik . So one may
write x = t1 · · · tn · tj1 · · · tjn−k · sk+1 · · · sm. Then y−1x removes those FAIL ti’s in
x. Furthermore, y−1x and y can be chosen as new generators of Z⊕Z as desired.
(iii) All ti are SUCCESS. In this case, x and y are naturally the required generators
of Claim-1.
Thus we finish the proof of Claim-1.
Now choose two generators x and y of Z⊕ Z which satisfy the property in Claim-1.
Claim-2: There are two letters s, s′ in x and two letters t, t′ in y, which correspond to four
facets of P , denoted by Fs, Fs′ , Ft, Ft′ , that form an  in P ∗.
Since x is free, there must exist two letters s, s′ in x such that Fs ∩ Fs′ = ∅. Similarly,
there also exist two letters t, t′ in y such that Ft ∩ Ft′ = ∅. If {s, s′} ∩ {t, t′} = ∅, since
t, t′ commute with s, s′, then clearly Fs, Fs′ , Ft, Ft′ determine an-belt in P . Otherwise,
{s, s′}∩{t, t′} 6= ∅. Assume that s = t, then (tt′)2 = (st′)2 = 1. This gives a contradiction
since y is a reduced word.
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Together with the above arguments, this completes the proof. 2
Next let us deal with the case of a simple handlebody. Let Q be a special simple
handlebody of genus g, and PQ be the associated simple polytope obtained by cutting
Q open along cutting belts {Bi, i = 1, 2, · · · , g}.
5.2. Proof of the sufficiency of Proposition 5.1. Assume that there is an -belt B
given by {F1, F2, F3, F4} in N (Q). After cutting Q open along cutting belts Bi, i =
1, 2, · · · , g, by Lemma 3.3, there are the following two cases.
• The B is still kept in PQ. Then B gives a subgroup Z2 in W (PQ,FB) < · · · <
piorb1 (Q), which is generated by s1s3 and s2s4.
• The B is not kept in PQ. Then there is only one situation in which some cutting
belts Bi intersect transversely with a pair of disjoint edges of B, say F1 and F3.
If B intersects transversely with cutting belts B1, B2, · · · , Bk in turn, then s1s3
and s2t1 · · · tks4t−1k · · · t−11 generate a subgroup Z2 in piorb1 (Q), as the cases of (c) or
(b) on Example 3.1. See also Example 5.1. 2
5.3. Proof of the necessity of Proposition 5.1. Cutting Q open along a cutting belt B,
we get a simple n-handlebody of genus g − 1, denoted by Qg−1. Conversely, Q can be
recovered from Qg−1 by gluing its two disjoint boundary facets, which implies that the
orbifold fundamental group of Q is an HNN-extension on piorb1 (Qg−1). Write Gg−1 =
piorb1 (Qg−1), and let WB+ and WB− be two isomorphic subgroups of Gg−1 determined by
two copies of B. Then we have
(5.1) piorb1 (Q) ∼= Gg−1∗φ = 〈Gg−1, t | t−1at = φ(a), a ∈ WB−〉
where φ : WB− → WB+ is an isomorphism by mapping s′ ∈ WB− into s ∈ WB+ . Gen-
erally, piorb1 (Q) is isomorphic to g times HNN-extensions on the right-angled Coxeter
group W (PQ,FB) as we have seen in the proof of Proposition 3.3:
piorb1 (Q) Gg−1oo · · ·oo G1oo G0 = W (PQ,FB)oo
where each Gk is also an HNN-extension over Gk−1 for 1 ≤ k ≤ g − 1, and G0 =
W (PQ,FB) is a right-angled Coxeter group.
According to the normal form theorem of HNN-extension (Theorem 2.2), each ele-
ment x in piorb1 (Q) has a unique iterative normal form. First, write
x = g0t
1
g g1t
2
g · · · gn−1tng gn
as a normal form for tg where gi ∈ Gg−1. Next inductively each gi is also a normal form
in Gk for 1 ≤ k ≤ g− 1. More generally, x has a unique form
(5.2) x = g0t1g1 · · · gm−1tmgm
where each gi is reduced in G0 = W (PQ,FB), and each ti is one of {t±1B } which deter-
mines an isomorphism of {φ±1B } on some subgroups of piorb1 (Q). This expression of x is
a normal form with respect to all possible tB. The expression in (5.2) is called a reduced
normal form of x in piorb1 (Q). The number m is called the (total) t-length of x.
By applying the Tits Theorem (Theorem 2.1) and the Normal Form Theorem of
HNN-extension (Theorem 2.2), we have the following conclusion.
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Lemma 5.1. Two reduced words x, y are the same in piorb1 (Q) if and only if one can be trans-
formed into the other by a sequence of commutations of RACG and t-reductions of HNN-
extension.
Next, we prove two lemmas.
Lemma 5.2. If there is a subgroup Z ⊕ Z in piorb1 (Q), then one generator of Z ⊕ Z can be
presented as a cyclically reduced word in W (PQ,FB).
Proof. Assume that there is a subgroup Z ⊕ Z in piorb1 (Q), which is generated by two
reduced normal forms as in (5.2):
x = g0t1g1 · · · gm−1tmgm
and
y = h0t
′
1h1 · · ·hn−1t′nhn.
Then xy = yx in piorb1 (Q). By Lemma 5.1, xy and yx have the same reduced normal form
as in (5.2).
We do t-reductions on
xy = g0t1g1 · · · gm−1tmgm · h0t′1h1 · · ·hn−1t′nhn
and
yx = h0t
′
1h1 · · ·hn−1t′nhn · g0t1g1 · · · gm−1tmgm.
Since x, y are reduced normal forms, xy and yx have the same tails. Without loss
of generality, assume that m ≥ n. Write y˜ = t′1h1 · · ·hn−1t′nhn = h−10 y. Then x can be
written as
x = g0t1g1 · · · tm−ngm−ny˜ = g0t1g1 · · · tm−ngm−n · h−10 y.
Since x and y generate Z ⊕ Z, both y and xy−1 do so. The word xy−1 has a shorter
t-length. We further do t-reductions on xy−1 to get a normal form, also denoted by x.
We can always continue to do this algorithm, so that we can take either x or y from
W (PQ,FB). Suppose y = h ∈ W (PQ,FB).
Furthermore, we can assume that h is a cyclically reduced word in W (PQ,FB). In
fact, if h is not cyclically reduced, without the loss of generality, assume that h is of
the form w−1h′w, where w is an arbitrary word and h′ is a cyclically reduced word in
W (PQ,FB). Then we replace h by h′, such that h′ andwxw−1 generate a Z⊕Z in piorb1 (Q).
This completes the proof. 
Lemma 5.3. Let x = g0 · t1 · · · tk be a reduced normal form, where g0 ∈ W (PQ,FB) and each
ti is one of {t±1B }, and h be a cyclically reduced word in W (PQ,FB). Then x, h cannot generate
a Z⊕ Z in piorb1 (Q).
Proof. If x, h generate a Z⊕ Z in piorb1 (Q), then
x · h = g0 · t1 · · · tk · h = g0h′ · t1 · · · tk
where h′ = φ1 ◦ · · · ◦ φk(h) is the image of the composition of some φi on h.
We first claim that h′ is reduced in W (PQ,FB), and the word length of h′ and h are
equal. In fact, for each i, φi is an isomorphism from some WB− to WB+ which maps
generators to generators, and all WB+ and WB− are subgroups of W (PQ,FB).
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Next, we claim that h = h′. In fact, xh = hx implies that g0h′ = hg0, that is h′ =
g−10 hg0. Let s be a letter in g0. If s is FAIL in h, then the length of h′ is greater than
the length of h, which is a contradiction. If s is DIE in h, then h has a form shs, which
contradicts that h is cyclically reduced. Thus, all letters in g0 is SUCCESS in h. In other
words, g0h = hg0 = g0h′, Thus h = h′ = φ1 ◦ · · · ◦ φk(h).
If φ1 ◦ · · · ◦ φk = id, then the associated sequence t1 · · · tk = 1, which contradicts that
x is reduced. If φ1 ◦ · · · ◦φk 6= id and there is a letter s in h such that φ1 ◦ · · · ◦φk(s) = s0,
then s0, φk(s0), · · · , φ1 ◦ · · · ◦ φk−1(s0) determines a non-contractible facet in Q, which
contradicts that Q is simple. More generally, if φ1 ◦ · · · ◦ φk 6= id, there is a generator
s1 as a letter in h, such that s2 = φ1 ◦ · · · ◦ φk(s1) 6= s1. Continue this procedure, one
can get a sequence s1, s2, s3, ..., such that each si is a generator as a letter in h and si =
φ1 ◦ · · · ◦ φk(si−1). However, the word length of h is finite, thus there must be two same
elements in the sequence. Geometrically, this means that there is a non-contractible
facet in Q, which contradicts that Q is simple. This completes the proof. 
Now let us give the proof of the necessity of Proposition 5.1 in the general case.
Proof of the necessity of Proposition 5.1. Suppose that there are two elements x and y in
piorb1 (Q) which generate a rank two free abelian subgroup Z ⊕ Z. Our arguments are
divided into the following steps.
Step-1. Simplify two generators x, y of Z⊕ Z by doing t-reductions.
Lemma 5.2 tells us that one of x, y can be chosen as a cyclically reduced word h in
W (PQ,FB), say y = h. Now if x is also a word in W (PQ,FB) (i.e., the t-length of x is
zero), then by subsection 5.1, there is an-belt in PQ which can appear inQ, as desired.
Next let us consider the case in which the t-length of x is greater than zero. Let
x = g0t1g1 · · · gm−1tmgm
be a reduced normal form in piorb1 (Q). Then xh = hx implies that
• gmh = hgm; tm · h = φm(h) · tm;
• gm−1 · φm(h) = φm(h) · gm−1; tm−1 · φm(h) = φm−1 ◦ φm(h) · tm−1;
· · ·
• g0 · φ1 ◦ · · · ◦ φm(h) = φ1 ◦ · · · ◦ φm(h) · g0
where each φi : WBi −→ WB′i is an isomorphism determined by some Bi ∈ FB, each
φi◦· · ·◦φm(h) is an expression inWB′i∩WBi−1 for i = 2, · · · ,m and φ1◦· · ·◦φm(h) ∈ WB′1 ,
h ∈ WBm . Here two Bi and Bj may correspond to the same B ∈ FB.
Step-2. Find facets F1, F3 around B or B′ in PQ.
Without loss of generality, h ∈ W (PQ,FB) is a cyclically reduced word. Since h is a
free element inWBm∩W (PQ,FB), we can take two generators s1 and s3 in h correspond-
ing to two disjoint facets F1 and F3 of PQ such that F1 and F3 intersect with Bm. In par-
ticular, s1s3 is a free element in WBm < W (PQ,FB) = G0 < · · · < Gg−1 < Gg = piorb1 (Q).
Step-3. Find the facet F2 which intersects with F1, F3.
If gm 6= 1, since x is a normal form, then gm is a representative of a coset of WBm
in piorb1 (Q). Thus there is a generator s2 /∈ S(WBm) in gm such that hs2 = s2h, where
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S(WBm) is the generators set of WBm . This generator s2 determines a facet F2 in PQ, as
desired.
If gm = 1, then
x · h = g0t1g1 · · · tm · h = g0t1g1 · · · tm−1gm−1 · φm(h) · tm.
A similar argument shows that either there is a s2 /∈ S(WBm−1) as desired, or
x · h = g0t1g1 · · · tm−1 · φm(h) · tm = g0t1g1 · · · tm−2gm−2 · φm−1 ◦ φm(h) · tm−1tm.
We can continuously carry out the above procedure. Finally we can arrive at two
possible cases:
• There exist some gi 6= 1 for i > 0, now there must be a letter s2 in gi which
determines the required F2;
• x is of the form x = g0 · t1 · · · tm, where g0 ∈ W (PQ,FB) and t1 · · · tm is a word
formed by letters in {t±1B }. By Lemma 5.3, x and h cannot generate a Z ⊕ Z in
piorb1 (Q). So x = g0 · t1 · · · tm is impossible.
Thus, we can always find a facet F2 from a nontrivial gi in the reduced form (5.2) of
x where i > 0.
Step-4. Find a facet F4 such that F1, F2, F3, F4 determine an -belt in Q.
We proceed our argument as follows.
(I). If there is only a gi 6= 1 (i.e., gj = 1 for any j 6= i) in the expression of x, then
x = t1 · · · ti ·gi · ti+1 · · · tm, where i must be more than zero by Lemma 5.3. Now xh = hx
implies that t1 · · · ti · ti+1 · · · tm = 1. Actually, if t1 · · · ti · ti+1 · · · tm 6= 1, then φ1 ◦ · · · ◦
φm(h) = h implies that there is a non-contractible facet in Q, which is impossible (also
see the proof of Lemma 5.3). Thus, t1 · · · ti = (ti+1 · · · tm)−1, so x = t1 · · · ti·gi·ti+1 · · · tm =
(ti+1 · · · tm)−1gi(ti+1 · · · tm). Since x, h generate a Z⊕ Z, we see that gi, φi+1 ◦ · · · ◦ φm(h)
generate a Z⊕ Z in W (PQ,FB). Then by subsection 5.1, there is an -belt in Q.
(II). If there are at least two nontrivial gi, gj 6= 1 in x where 0 < j < i ≤ m but gk = 1
for all k > j and k 6= i, then one may write x = · · · tj · gj · tj+1 · · · ti · gi · ti+1 · · · tm. So we
have
xh = · · · tj · gj · tj+1 · · · ti · gi · ti+1 · · · tm · h
= · · · tj · gj · tj+1 · · · ti · gi · h′ti+1 · · · tm
= · · · tj · gj · tj+1 · · · ti · h′gi · ti+1 · · · tm
= · · · tj · gj · h′′ · tj+1 · · · ti · gi · ti+1 · · · tm.
(5.3)
where h′ = φi+1 ◦ · · · ◦ φm(h) and h′′ = φj+1 ◦ · · · ◦ φm(h). Since xh = hx, we have that
gjh
′′ = h′′gj , so we can take a generator s4 in gj (not in S(WBj)) such that h
′′s4 = s4h′′.
Similarly, here s4 determines a facet F4 of PQ such that F4 ∩ F ′′1 6= ∅ and F4 ∩ F ′′3 6= ∅
where F ′′1 and F ′′3 are two facets of PQ determined by the images of φj+1 ◦ · · · ◦ φm on
s1, s3. In particular, F2 6= F4 in PQ. Otherwise, the intersection of q(F1) and q(F2) in Q is
disconnected where q : Q→ PQ is defined in (3.1) , which contradicts that Q is simple.
Hence, we get an -belt in Q.
(III). If there are only g0 and gi that are non-trivial in x where i > 0, then one may
write x = g0t1 · · · ti ·gi · ti+1 · · · tm. Without a loss of generality, assume that g0, gi are two
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reduced words inW (PQ,FB). Now if x = g0t1 · · · ti·gi·ti+1 · · · tm = t1 · · · ti·g′0gi·ti+1 · · · tm
where g′0 = φ
−1
i ◦ · · · ◦ φ−11 (g0), then by the proof of Lemma 5.3, xh = hx implies
that t1 · · · ti · ti+1 · · · tm = 1. As in the first case (I), g′0gi and h′ = φi+1 ◦ · · · ◦ φm(h)
generate a Z ⊕ Z in W (PQ,FB). Hence we can find an  in Q. If x = g0t1 · · · ti ·
gi · ti+1 · · · tm = g′0t1 · · · tjg′′0 tj+1 · · · ti · g′′′0 gi · ti+1 · · · tm, where g′′0 cannot cross tj+1 and
g0 = g
′
0 · φ1 ◦ · · · ◦ φj(g′′0) · φ1 ◦ · · · ◦ φi(g′′′0 ). As in the second case (II), there is a generator
s4 in g′′0 which is not in S(WB′j+1). Then s4 determines a facet F4 of PQ such that F4
intersects with F1 and F3 in Q. So there is an -belt in Q.
Together with all arguments above, we complete the proof. 2
5.4. Atoroidal 3-manifolds. Now we can consider when the manifold double M over a
flag simple 3-handlebody is atoroidal.
Definition 5.1 ([23, Definition 1.18 and 1.19]). A closed orientable irreducible 3-manifold
M is geometrically atoroidal or topologically atoroidal if there is no incompressible embed-
ding torus in M .
A closed irreducible 3-manifold M is homotopically atoroidal or algebraic atoroidal if
there is no rank two free abelian subgroup in pi1(M).
It is well-known that “homotopically atoroidal” implies “geometrically atoroidal”,
but the converse is not quite true (see [23, Example 1.20]). However, if M is not a
Seifert 3-manifold, then M is homotopically atoroidal if and only if it is geometrically
atoroidal.
Here we shall identify “atoroidal” with “algebraic atoroidal”.
Corollary 5.1. Let Q be a flag simple 3-handlebody with m facets, and M be the manifold
double over Q as defined in (1.1). Then the following statements are equivalent:
(1) M is atoroidal;
(2) There is no Z⊕ Z in piorb1 (Q);
(3) Q contains no -belts.
Proof. By Proposition 5.1, it suffices to show that “(1)⇔ (3)” holds.
Suppose that there exists an -belt B in Q. By Lemma 3.4, there exists a set of
cutting belts that do not intersect with B, so B will be kept in PQ. Let the cone point
of PQ be in the interior of B. So the cubical decomposition of B is a subcomplex of
cubical decomposition of PQ. Let C(M) be a cubical decomposition ofM constructed in
section 4. Then the cubical decomposition of B induces the cubical complex structure
of a torus T 2 in M , denoted by C(T 2). Thus there is a natural inclusion i : C(T 2) →
C(M), satisfying that
• For each vertex v of C(T 2), the induced map Lk(i) : Lk(v, C(T 2))→ Lk(i(v), C(M))
is a simplicial embedding.
• Lk(i) maps Lk(v, C(T 2)) onto a full subcomplex of Lk(i(v), C(M)) in C(M).
According to [16, Proposition 1.7.1], C(T 2) is a totally geodesic immersive torus in
M , which induces a monomorphism on their fundamental groups. Hence M is not
atoroidal.
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Conversely, assume thatM is not atoroidal. Then there is a subgroup Z⊕Z in pi1(M).
The orbifold covering M −→ Q gives a short exact group sequence:
1 −→ pi1(M) −→ piorb1 (Q) −→ (Z2)m −→ 1
implies that the subgroup Z ⊕ Z in pi1(M) is also a subgroup in piorb1 (Q). Moreover, it
follows by Proposition 5.1 that there must be an -belt in Q. 
6. PROOF OF THEOREM A
This section is devoted to the proof of Theorem A. Some examples of simple han-
dlebodies which are hyperbolic or non-hyperbolic are given. In addition, we also
consider the (right-angled) hyperbolicity of a right-angled Coxeter 3-handlebody with
ideal nerve.
6.1. Proof of Theorem A. First let us show a useful lemma.
Lemma 6.1. The manifold double of a special simple handlebody is orientable.
Proof. Let Q be a special simple n-handlebody with m facets and cutting belts FB, PQ
be the associated simple polytope, andM = Q×(Z2)m/ ∼ be the manifold double over
Q, as defined in (1.1). Making use of the proof method of Nakayama and Nishimura
[31, Theorem 1.7], it suffices to prove that
Hn(M ;Z) ∼= Z.
The combinatorial structure of PQ defines a natural cellular decomposition of M .
We denote by {(Ck(M), ∂k)} the chain complex associated with this cellular decom-
position. In particular, Cn(M) and Cn−1(M) are the free abelian groups generated by
{PQ} × (Z2)m = {(PQ, g) | g ∈ (Z2)m} and F(PQ)× (Z2)m/ ∼′= {[F, g] | F ∈ F(PQ), g ∈
(Z2)m}, respectively, where the equivalence class of F(PQ) × (Z2)m is defined by the
equivalence relation {
(F, g) ∼′ (F, g · eF ) if F ∈ F(PQ)−FB,
(B+, g) ∼′ (B−, g) if B+, B− ∈ FB.
It should be pointed out that actually there is a coloring λ : F(Q) −→ (Z2)m in the
construction of M = Q × (Z2)m/ ∼ such that {λ(F ) = eF |F ∈ F(Q)} is the standard
basis {ei|i = 1, ...,m} of (Z2)m. For any facet F ′ in F(PQ) − FB, there must be a facet
F in F(Q) such that F ′ = F or F ′ $ F , so F ′ and F are colored by the same element
eF of (Z2)m. For any B in FB, since IntB ⊂ Int(Q), we convention that B is colored
by the unit element e0 of (Z2)m. In other words, the coloring λ : F(Q) −→ (Z2)m
induces a compatible coloring λ′ : F(PQ) −→ (Z2)m such that for any F ′ ∈ F(PQ)−FB,
eF ′ = λ
′(F ′) = λ(F ) = eF where F ∈ F(Q) with F ′ ⊂ F , and for B in FB, λ′(B) = e0.
We give an orientation on each facet Fi and B±i such that the orientation of B
+
i is
exactly the inverse orientation of B−i , so
∂PQ =
∑
F∈F(PQ)
F = F1 + · · ·+ Fm′ +B+1 + · · ·+B+g +B−1 + · · ·+B−g
=
∑
F∈F(PQ)−FB
F
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where m′ is the number of all facets in F(PQ)−FB.
Let cn =
∑
g∈(Z2)m ng(P, g) be an n-cycle of Cn(M) where ng ∈ Z. Then
∂(cn) = [
∑
g∈(Z2)m
ng
∑
F∈F(PQ)
(F, g)] =
∑
[F,g]∈((F(PQ)−F(B))×(Z2)m)/∼′
(ng + ngeF )[F, g] = 0
which induces that ng = −ngeF for any facet F ∈ F(PQ) − FB and g ∈ (Z2)m. Let l(g)
denote the word length of g presented by {eF}. For any g ∈ (Z2)m, there exists a subset
Ig = {Fi1 , ..., Fik} of F(PQ)−FB such that g =
∏
F∈Ig eF . Then we see easily that
ng = −ngeFi1 = ngeFi1 eFi2 = · · · = (−1)
l(g)ng
∏
F∈Ig eF
= (−1)l(g)ne0
so cn = ne0
∑
g∈(Z2)m(−1)l(g)(P, g). Then we obtain that Hn(M ;Z) = ker ∂n ∼= Z is
generated by
∑
g∈(Z2)m(−1)l(g)(P, g), which follows that M is orientable. 
Now let us finish the proof of Theorem A.
Proof of Theorem A. Together with Hyperbolization theorem (Theorem 2.3), Proposi-
tion 2.3 and Lemma 6.1, we obtain that a simple 3-handlebody is hyperbolic if and
only if its manifold double is aspherical and atoroidal. Moreover, by Corollary 4.1 and
Corollary 5.2 again, we conclude that a simple 3-handlebody is hyperbolic if and only
if it is flag and contains no -belts, as desired. 2
6.2. Examples from Löbell polytopes. A pentagonal flower is a 2-dimensional combi-
natorial object consisting of an n-gon surrounded by n pentagons. A Löbell polytope,
denoted by L(n), is obtained from two copies of a pentagonal flowers by gluing along
their boundaries by isometries. Clearly L(n) admits a right-angled Coxeter orbifold
structure, so it is (right-angled) hyperbolic when n ≥ 5, but is not (right-angled) hy-
perbolic when n = 3 and 4.
When n ≥ 5, we can always construct a combinatorial handlebody Q by attaching
some copies of L(n) together along their n-gons. If the number of copies is greater than
2, then Q will become a simple handlebody which meets the condition of Theorem A,
so it is hyperbolic. If the number of copies is 1 or 2, then Q is not simple. In this case,
we use at least three copies of Q to construct the covering space of Q in such a way
that: first we may use a fixed cutting belt B to cut open each of copies, and then form a
connected handlebody Q̂ by attaching them together along those facets produced byB.
This connected handlebody is exactly the required covering space of Q. In particular,
it is simple and also meets the condition of our theorem, so it is hyperbolic. Hence, Q
is hyperbolic, too.
When n = 3 or 4, in a similar way to the case of n ≥ 5, we can still construct a
combinatorial handlebody Q by attaching some copies of L(n) together along their n-
gons. If Q is not simple, then we can use the same approach as in the case of n ≥ 5 to
get a connected covering Q̂ of Q such that Q̂ is a simple handlebody. However, Q̂ must
not admit a right-angled hyperbolic structure. This is because Q̂ is not flag if n = 3, and
it always contains an -belt if n = 4. Furthermore, Q does not admit a right-angled
hyperbolic structure yet.
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6.3. 3-handlebodies with ideal nerve. We say that Q is a 3-handlebody with ideal nerve
if Q is a right-angled Coxeter 3-orbifold such that its underlying space |Q| is a 3-
handlebody and its nerve is an ideal triangulation of the boundary ∂|Q|.
Now let Q be a 3-handlebody with ideal nerve. Then, by the definition of ideal
triangulations ([18, Definition 2.6]), the interior of each face of Q is also contractible.
On the facial structure of Q, there are three possible cases:
• Some 2-faces of Q are henagons (i.e., 2-faces with only one point of codimen-
sion 3 in Q, see (a) in Figure 11) or digons (i.e., 2-faces with only two points of
codimension 3 in Q, see (b) in Figure 11);
• There may be some 2-faces with self-intersection (see (c) in Figure 11);
• The intersection of two 2-faces may be not connected (see (d) in Figure 11).
(a) (b) (c) (d)
(e)
(f)Ideal triangles
FIGURE 11. Ideal nerves.
If there is a henagon 2-face of Q, then it gives a self-folded ideal triangle. For exam-
ple, see the blue part of (a) in Figure 11. In general, if there is a henagon 2-suborbifold
in Q, then the nerve of associated faces may give some ideal triangles, such as (e) and
(f) in Figure 11. In particular, the nerve of (f) contains only one vertex and two ideal
triangles gluing along their three edges as shown in Figure 11. All those cases agree
with the definition of ideal triangulations in [18, Definition 2.6].
Lemma 6.2. Let Q be a 3-handlebody with ideal nerve. Then Q is very good if and only if it
does not contain a henagon 2-suborbifold.
Proof. By applying a theorem of Morgan or Kato [23, Theorem 6.14], each compact lo-
cally reflective 3-orbifold that contains no bad 2-suborbifolds is very good. This means
that if there is no henagon 2-suborbifold in Q, then Q is very good. Conversely, if there
is a henagon 2-suborbifold in Q, then it is obvious that Q is bad. 
Hence, if there is a henagon 2-suborbifold of Q, then Q cannot be hyperbolic.
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Suppose that Q contains no henagon 2-suborbifolds. Then, by Lemma 6.2, Q can
be covered finitely by a closed 3-manifold M . In general, Q is not nice in the sense of
Davis [10, Page 180], thus there is no natural manifold double defined as in (1.1) for Q.
A digon 2-suborbifold in Q is said to be essential if its two vertices are not contained
in a unique edge of Q. If there is an essential digon 2-suborbifold in Q, then its nerve
N (Q) will contain two simplices with common vertices. See (d) in Figure 11.
Lemma 6.3. Let Q be a 3-handlebody with ideal nerve. Assume that there is no henagon
suborbifold in Q, and M is a covering manifold over Q. If Q contains an essential digon
suborbifold, then M is reducible.
Proof. Assume that two edges of a digon are contained in two 2-faces F1 and F2 of Q.
Then we consider the double cover of Q, denoted by DQ, which is obtained by gluing
two copies of Q along F1. At the same time, two copies of F2 are also glued along
F1 ∩ F2, giving an annulus in DQ. Let M ′ be a manifold cover over DQ. Then M ′ can
be decomposed into the connected sum of some 3-manifolds, which implies that M ′ is
reducible. Hence, DQ and Q are reducible. So M is reducible. 
A digon 2-face of Q will give an essential digon 2-suborbifold in Q unless that Q is
a trihedron. Thus in this cases Q is reducible as well. Therefore, if there is a henagon
2-suborbifold or an essential digon 2-suborbifold in Q, then Q cannot be hyperbolic.
Next, suppose thatQ is not a trihedron and contains no henagon and essential digon
2-suborbifolds. If there are some 2-faces with self-intersection or the intersection of two
2-faces is not connected, then we can always construct some simple orbifold covers of
Q. In fact, similar to the operation in subsection 6.2, we can use some copies of Q to
construct a covering space of Q as follows: first we cut open each of copies by using
a fixed 2-suborbifold B, and then form a connected handlebody Q̂ by attaching them
together along those new facets produced by B. If necessary, we can choose enough
copies of Q so as to make sure that this connected handlebody is simple, and is exactly
the required covering space of Q. Applying Theorem A gives
Corollary 6.1. A 3-handlebody with ideal nerve is hyperbolic if and only if it is not trihedron,
tetrahedron and contains no42,-belts and no henagon or essential digon 2-suborbifolds.
Remark 12. Let Q be a 3-handlebody with ideal nerve. We can define henagon 2-
suborbifolds and essential digons 2-suborbifolds in Q as 1− and 2-belts of Q, respec-
tively. Then by Lemma 6.2, Q is very good if and only if Q contains no 1-belts. An
easy argument gives that a very good Q is flag if and only if it is not trihedron and
tetrahedron (i.e., S3/Z32 and S3/Z42) and contains no 2− and 3-belts (i.e., pi1-injective
S2/Z22− and S2/Z32-suborbifolds). Furthermore, a very good flag Q is hyperbolic if and
only if it contains no 4-belts (i.e., pi1-injective T 2/Z22-suborbifolds). Thus, a right-angled
Coxeter 3-handlebody with ideal nerve except trihedron and tetrahedron is hyperbolic
if and only if it contains no 1, 2, 3, 4-belts. In other words, in this case the topological
conditions in Hyperbolization Conjecture of 3-orbifolds [5, Conjecture 6.8] can also be
replaced by combinatorial conditions.
6.4. Example of non-simple 3-handlebody. Let P be the product of a pentagon and
[0, 1]. Gluing two opposite pentagons of P together such that its diagonal vertices
coincide with each other gives a right-angled Coxeter 3-orbifold with its underlying
34
space as a solid torus, denoted by Q. Then Q is a Seifert 3-orbifold. Thus it cannot be
hyperbolic. This is because each embedding annulus 2-facet is an obstruction.
6.5. Further question. Finally, we would like to end this section with the following
conjecture about the relation of combinatorics and (right-angled) hyperbolicity on sim-
ple 3-orbifolds.
Conjecture. A simple 3-orbifold O is hyperbolic if and only if the following conditions hold.
• O is flag and contains no -belts;
• |O| is irreducible;
• there is no rank-two free abelian subgroup in pi1(|O|).
APPENDIX A. THE UNIVERSAL COVER OF A SPECIAL SIMPLE HANDLEBODY
In this section, by applying the fundamental domain, we give a construction of the
universal cover of a special simple handlebody. Moreover, we calculate the homology
of the universal cover by Davis method [10, Chapter 8].
A.1. Fundamental domain ([10, Page 64] or [39, Page 159-161]). Suppose that a dis-
crete group G acts properly on a connected topological space X . A closed subset
D ⊂ X is a fundamental domain for the G-action on X if each G-orbit intersects D and if
for each point x in the interior of D, G(x)∩D = {x}. In other words, {gD|g ∈ G} forms
a locally finite cover for X , such that no two of {gD|g ∈ G} have common interior
points. Such {gD, g ∈ G} is called a decomposition for X so
X =
⋃
g∈G
gD
and each gD is called a chamber of G on X .
Throughout the following, the fundamental domain of G acting on X will be taken
as a simple convex polytope D. Then each g ∈ G gives a self-homeomorphism of X
φg : X −→ X
by mapping chamber hD to g · hD for any h ∈ G. If two chambers gD and hD have
a nonempty intersection which includes some facets of gD and hD, then there is a
homeomorphism φhg−1 that maps gD to hD. Hence, for two facets F and F ′ from gD
and hD, respectively, that are glued together in X , naturally we can assign hg−1 and
gh−1 to F and F ′, respectively. This means that the action ofG onX gives a characteristic
map on the facets set of D:
λ : F(D) −→ G.
For each facet F of D, λ(F ) ∈ G is called a coloring on F . Each λ(F ) ∈ G naturally
determines a self-homeomorphism φλ(F ) ∈ Homeo(X), which is called an adjacency
transformation on X with respect to F . Such φλ(F ) maps each chamber into adjacent
chamber such that the facet F is contained in the intersection of those two chambers.
Each adjacency transformation has an inverse adjacency transformation corresponding
to a facet F ′ of D. Of course, F = F ′ is allowed. In this case, we call F a mirror of X
associated withG, and the corresponding adjacency transformation is called a reflection
of X with respect to F .
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Remark 13. It should be pointed out that two adjacency transformations determined
by different facets of D are viewed as being different, although they may correspond
to the same self-homeomorphism of X . The inverse adjacency transformation of an
adjacency transformation determined by a facet F is exactly determined by another
facet F ′ which is identified with F in X .
All inverse adjacency transformations give an equivalence relation ∼ on F(D) × G,
where (F, g) ∼ (F ′, h) if and only if
(A.1)
{
λ(F ) · g = h
λ(F ′) · h = g.
In other words, if two chambers gD and hD are attached together by identifying a facet
F of gD with a facet F ′ of hD in X , then λ(F ) · λ(F ′) = 1, which gives a pair relation for
G. When F is a mirror, the pair relation is λ(F )2 = 1.
Remark 14. It is easy to see that the equivalence relation∼ on F(D)×G gives an equiv-
alence relation ∼′ on F(D) as follows:
F ∼′ F ′ ⇐⇒ (F, g) ∼ (F ′, h).
Thus, we can obtain a quotient orbifold D/ ∼′ by attaching some facets on the bound-
ary of D via the equivalence relation ∼′ on F(D).
On the contrary, giving a convex polytope D and a characteristic map satisfying
(A.1), we can construct a space X with G-action in the following way:
(A.2) X = D ×G/ ∼
where the equivalence relation is defined in (A.1).
The construction of X gives a natural polyhedral cellular decomposition of X , de-
noted by P(X). The dual complex of P(X) is denoted by C(X). If each codimension-k
face of D in X intersects with exactly 2k chambers, then each cell of C(X) is a cube,
which is exactly one induced by the standard cubical decomposition of the simple
polytope D. Furthermore, if C(X) is a cubical complex, then the link of each vertex in
C(X) is a simplicial complex which is exactly the boundary complex of the dual of D.
The 1-skeleton of C(X) is exactly the Cayley graph of G with generator set consisting
adjacency transformations determined by all facets of D. Therefore, one has that
Lemma A.1 ([39, Page 160]). The group G is generated by all adjacency transformations.
For simplifying notation, denote λ(Fi) = si or sFi for each Fi ∈ F(D). Then for each
g ∈ G, φg can be decomposed into the composition of some adjacency transformations:
g = si1si2 · · · sik
The relations with form si1si2 · · · sik = 1 except pair relations is called Poincare´ relations.
Lemma A.2 ([39, Page 161]). The Poincare´ relations together with the pair relations form a
set of relations of group G.
For each codimension 2 face ofD, there is a Poincare´ relation with form sksk−1 · · · s1 =
1 (alternatively, s′1 · · · s′k = 1, where s′i = (si)−1 for each i).
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Define a group GD with generators consisting of all adjacency transformations de-
termined by F(D) and relations formed by all pair relations and Poincare´ relations
determined by all codimension 2 faces in D.
GD = 〈si, for Fi ∈ F(D) |sisj = 1, for Fi ∼′ Fj;
si1si2 · · · sik = 1, for each codim-2 face in D〉
(A.3)
For the sake of preciseness, suppose again that each codimension-k face of D in X
intersects with exactly 2k chambers. Then the cubical subdivision of D induces a right-
angled Coxeter cellular decomposition for the quotient orbifold X/G. It is not difficult
to see that D/ ∼′ is isomorphic to X/G as orbifolds. According to Proposition 2.2, GD
is isomorphic to the orbifold fundamental group of the quotient space X/G. Therefore,
we have that
Lemma A.3. The orbifold fundamental group of D/ ∼′∼= X/G is isomorphic to GD.
There is a natural quotient map λ∗ : GD −→ G, and the image of λ∗ on each adjacency
transformation sF is the coloring on corresponding facet F . Then the fundamental
group of X is isomorphic to the kernel of λ∗.
Proposition A.1. Let G be a discrete group which acts properly discontinuously on a closed
manifold X . Suppose X is decomposed into X =
⋃
g∈G gD = D ×G/ ∼, where D is a simple
convex polytope and each codimension-k face of D in X intersects with exactly 2k chambers.
Let GD be the group defined as in (A.3), and λ∗ be the quotient map from GD to G induced by
the characteristic map λ : F(D) −→ G. Then there is a short exact group sequence,
1 −→ pi1(X) −→ GD λ∗−→ G −→ 1
which is induced by an orbifold covering pi : X −→ X/G.
Proof. Refer to Chen ([7, Page 40-49]). Here it is only necessary to show that GD ∼=
piorb1 (X/G), which is exactly Lemma A.3. 
Given a simple convex ploytope D and a discrete group G, assume that there exists
a characteristic map λ : F(D) −→ G such that X = D × G/ ∼ is a G-manifold, where
(F, g) ∼ (F ′, h) for any F, F ′ ∈ F(D), g, h ∈ G if and only if (A.1) holds. Then, we have
the following result.
Corollary A.1. Under the assumption of Proposition A.1, X is simply-connected if and only
if G ∼= GD.
Example A.1. Let P be a square with faces F1, F2, F3, F4 colored by e1, e2, e1, e2 respec-
tively, where e1, e2 are generators of (Z2)2. Then X = P × (Z2)2/ ∼∼= T 2 is a small cover
over P ([12]), and GP = 〈s1, s2, s3, s4 | s2i = 1; (s1s2)2 = (s2s3)2 = (s3s4)2 = (s4s1)2 = 1〉
is the right-angled Coxeter group determined by P . Then pi1(X) ∼= kerλ∗ = Z2 is a
normal subgroup in GP generated by Poincaré relations s1s3 and s2s4.
A.2. Universal cover. Next, we consider the universal covers of simple handlebodies.
Let Q be a special simple handlebod with cutting belts {B1, · · · , Bg}, and PQ be the
simple polytope given by cutting Q with the quotient map q : PQ −→ Q. Let G be the
orbifold fundamental group piorb1 (Q) with the presentation in Proposition 3.2. Define a
characteristic map on the facet set of PQ:
λ : F(PQ) −→ G
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given by λ(F ) = sF for F ∈ F(PQ)−FB, and λ(B) = tB for B ∈ FB. Then we construct
the following space
(A.4) Q˜ = PQ ×G/ ∼
where (x, g) ∼ (y, h) if and only if
(A.5)
{
x = y ∈ F ∈ F(PQ)−FB, gsF = h,
(x, y) ∈ (B,B′), B,B′ ∈ FB, q(x) = q(y), tB · g = h.
The orbit space of the action of G on Q˜ is Q, so the polytope PQ can be viewed as the
fundamental domain of G acting on Q˜. According to Corollary A.1,
Lemma A.4. Q˜ is the universal orbifold cover of Q.
A.3. Homology groups of Q˜. Next, we begin with the calculation of the homology
groups of Q˜ by doing a bit generalization of the method of Davis [10, Chapter 8].
Let Q be a special simple handlebody with nerve N (Q), and PQ be the associated
simple polytope. Let G = piorb1 (Q) be the orbifold fundamental group of Q. We have
known thatG is an iterative HNN-extension on a right-angled Coxeter groupW (PQ,FB).
Namely
G = piorb1 (Q)
∼= (· · · ((W (PQ,FB)∗φB1 )∗φB2 ) · · · )∗φBg
where g is the genus ofQ. For any w ∈ G, consider the following reduced normal form,
w = g0t1g1 · · · gm−1tmgm
where each gi is reduced in W (PQ,FB), and each ti is one of {t±1B } which determines
an isomorphism of {φ±1B } on some subgroups of piorb1 (Q). Denote the generator set of G
by S = {sF ;F ∈ F(PQ)−FB} ∪ {tB;B ∈ FB}. For any word w ∈ G, put
S(w) = {s ∈ S | l(ws) < l(w)},
where l(w) is the word length of the reduced normal form of w in G (i.e., the shortest
length between 1 and w in the Cayley graph of G associated with the generator set S).
For each subset T of S, let P TQ be the subcomplex of PQ defined by
P TQ =
⋃
t∈T
Ft,
where FsF = F for sF ∈ F(PQ)−FB and FtB = B′ for B ∈ FB with B ∼ B′.
Let Q˜ = PQ × G/ ∼ be the universal cover of Q defined as (A.4). Then we have the
following conclusion which generalizes the Theorem 8.1.2 in [10, Theorem 8.12].
Theorem B. The homology of Q˜ is isomorphic to the following direct product
H∗(Q˜) ∼=
∏
w∈G
H∗(PQ, P
S(w)
Q ).
Remark 15. Here PQ is not a mirrored space.
Corollary A.2. If there is an empty k-simplex4k in N (PQ), then Hk(Q˜) 6= 0.
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Proof. Assume that the vertices set of the empty k-simplex4k in N (PQ) is
T = {F1, F2, · · · , Fk+1}
which does not contain the facet in FB (in fact, any facet in FB is not the vertex of any
empty simplex of N (PQ). This is guaranteed by the definition of B-belt). Then WT ∼=
(Z2)k+1 is generated by s1, · · · , sk+1. Let w = s1s2 · · · sk+1. Regard T as {s1, ..., sk+1}.
Then S(w) = T . Moreover, P S(w)Q = P
T
Q = ∪k+1i=1Fi w ∂4k w Sk−1. Since PQ is a
contractible ball, by the long exact homology group sequence of pair (PQ, P TQ ), we have
Hk(PQ, P
T
Q )
∼= Hk−1(P TQ ) ∼= Hk−1(Sk−1) 6= 0.
Therefore, Hk(Q˜) 6= 0. 
Corollary A.3. A special simple handlebody is aspherical if and only if it is flag.
Now by Corollary A.3, the proof of Proposition 4.2 is complete.
A.4. Proof of Theorem B. Before we prove Theorem B, we first give some notations
(cf [10]).
A subset T of S is called spherical if the subgroup generated by T is a finite subgroup
of G. Each sF in a spherical subset T exactly corresponds to a facet F ∈ F(P ) − FB,
and F ∩ F ′ 6= ∅ for any sF , sF ′ in spherical set T . Let WT be the group generated by a
spherical subset T . Then WT ∼= (Z2)#T , where #T denotes the number of all elements
in T .
If the set T is the union of a spherical set TS and a tB for B ∈ FB, then
WT = WTS ∪ tB′WTS ,
where B′ is the facet which is identified with B in Q.
Lemma A.5. Let G be the orbifold fundamental group of a special simple handlebody with
generator set S. Then, for each w ∈ G, S(w) is either a spherical subset of S or the union of a
tB and a spherical subset.
Proof. Let w = g0t1g1 · · · gm−1tmgm be a reduced normal form in G. We might as well
assume that this expression of w is a normal form in the opposite direction for each tB,
that is, each gi is a representative of a coset of WBi+1 or WB′i+1 in G, for i = 0, · · · ,m− 1.
It is easy to see that for F ∈ F(P ) − FB, sF ∈ S(w) if and only if sF ∈ S(tmgm). If
there is a B ∈ FB such that tB ∈ S(w), then gmtB = tBg′m where g′m = φB(gm), and the
last tm is t−1B . For another tB′ 6= tB, it cannot reduce the length ofw. Thus the conclusion
holds. 
For a spherical set T = S(w), we define an element in ZWT ⊂ ZW (PQ,FB) by a
formula
βT =
∑
w∈WT
(−1)l(w)w.
Consider a natural cellular decomposition of PQ given by its facial structure. Let
C∗(PQ) and and C∗(Q˜) denote the cellular chain complexes of PQ and Q˜, and letH∗(PQ)
and H∗(Q˜) be their respective homology groups. Since G acts cellularly on Q˜, C∗(Q˜) is
a Z(G)-module.
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Let T be a spherical set. Multiplication by βT defines a homomorphism βT : C∗(PQ) −→
C∗(WTPQ).
Lemma A.6. C∗(P TQ ) is contained in the kernel of βT : C∗(PQ) −→ C∗(WTPQ).
Proof. Suppose τ is a cell in P TQ . If T is a spherical set, then τ lies in some F ∈ F(PQ)−
FB such that sF ∈ T . Let B is a subset of WT such that WT = B ∪ sFB, then we can
write βT as follows
βT =
∑
w∈WT
(−1)l(w)w =
∑
v∈B
(−1)l(v)(v − vsF ).
Since vF is identified with vsFF in Q˜, we have that
βT τ =
∑
(−1)l(v)(v − vsF )τ =
∑
(−1)l(v)(vτ − vτ) = 0.
Thus, C∗(P TQ ) ⊂ ker βT . 
Hence, βT induces a chain map C∗(PQ, P TQ ) −→ C∗(WTPQ), still denoted by βT .
For each w ∈ G satisfying that T = S(w) is a spherical set, we then define a map
ρw = wβT : C∗(PQ, P TQ )
βT−→ C∗(WTPQ) w−→ C∗(wWTPQ). Hence, we have a map
ρw∗ : H∗(PQ, P
T
Q ) −→ H∗(wWTPQ).
When T = S(w) = {tB} ∪ TS where TS is a spherical, tBs = stB for any s ∈ TS implies
thatWTS < WB, i.e.,B∩Fs 6= ∅ for any s ∈ TS . SoB′ does not intersect any Fs, hence for
k > 1 we have Hk(PQ, P TQ ) ∼= Hk−1(P TQ ) ∼= Hk−1(P TSQ
∐
B′) ∼= Hk−1(P TSQ ) ∼= Hk(PQ, P TSQ )
where PQ and B′ are contractible simple polytopes. Now put
ρw∗ : Hk(PQ, P
T
Q )
∼= Hk(PQ, P TSQ )
βTS−→ H∗(WTSPQ) i∗−→ H∗(WTPQ) ×w−→ H∗(wWTPQ).
Order the elements of G,
w1, w2, · · ·
so that l(wi) ≤ l(wi+1). For each n ≥ 1, put
Xn =
n⋃
i=1
wiPQ.
To simplify notation, set w = wn.
Lemma A.7. Xn−1 ∩ wP = wP S(w).
Proof. Notice that Xn−1 contains a subgraph of Cayley graph of G associated with the
generator set S, where the length between each vertex and the unit element is less than
or equal to l(w). Then
l(ws) =
{
l(w)− 1, if s ∈ S(w),
l(w) + 1, if s ∈ S − S(w).
A chamber wiPQ (i < n) inXn−1 intersects with wPQ in the facet wF if and only if either
wi · sF = w or wi · tF = w; in other words, either l(wsF ) = l(w)− 1 or l(wtF ) = l(w)− 1.
Therefore, Xn−1 ∩ wPQ = wP S(w)Q . 
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Finally we finish the proof of Theorem B.
Proof of Theorem B. We know from Lemma A.7 that Xn−1 ∩ wPQ = wP S(w)Q . Hence, the
excision theorem gives an isomorphism
H∗(Xn, Xn−1)
∼=−→ H∗(wPQ, wP S(w)Q ).
Consider the exact sequence of the pair (Xn, Xn−1)
· · · → H∗(Xn−1) j∗−→ H∗(Xn) k∗−→ H∗(Xn, Xn−1)→ · · ·
We claim that the map k∗ is a split epimorphism, which is equivalent to that the map
kw∗ : H∗(Xn) → H∗(PQ, P S(w)Q ) is a split epimorphism, where kw∗ denotes the compo-
sition of k∗ with the excision isomorphism and left translation by w−1. Consider the
map ρw∗ on H∗(PQ, P
S(w)
Q ) whose image is contained in H∗(wWS(w)PQ). For every v 6= 1
in WS(w), we have l(wv) < l(w); hence, wWS(w)PQ ⊂ Xn. Hence the image of ρw∗ is
contained in H∗(Xn). All these can be seen from the following commutative diagram:
H∗(Xn, Xn−1)
∼= // H∗(wPQ, wP
S(w)
Q )
×w−1

H∗(Xn)
kw∗ ..
k∗
OO
H∗(PQ, P
S(w)
Q )
ρw∗
mm
β∗

H∗(wWS(w)PQ)
i∗
OO
H∗(WS(w)PQ)×w
oo
where β∗ is induced by multiplication by βS(w) when S(w) is a spherical set, and is the
composition βTS ◦ i∗ : Hk(PQ, P TQ ) ∼= Hk(PQ, P TSQ )
βTS−→ H∗(WTSPQ) i∗−→ H∗(WTPQ) when
S(w) is the union of a {tB} and a spherical set TS .
Since Q˜ is the universal cover of Q, H1(Q˜) ∼= 0. For ∗ > 1, it can be see that kw∗ ◦ ρw∗ is
the identity on H∗(PQ, P
S(w)
Q ) by above diagram. Hence there is the following splitting
short exact sequence:
0→ H∗(Xn−1) j∗−→ H∗(Xn) k
w∗−→ H∗(PQ, P S(w)Q )→ 0.
This implies that
H∗(Xn) ∼= H∗(Xn−1)⊕H∗(PQ, P S(w)Q )
where H∗(X1) = H∗(PQ) = 0. Since Q˜ is the increasing union of the Xn, we have
H∗(Q˜) = lim
n→∞
H∗(Xn) ∼=
∏
w∈G
H∗(PQ, P
S(w)
Q ).
This completes the proof. 2
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